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I 

1. INTRODUCTION 

1.1 OBJECT 

The ob jec t   o f  this r e p o r t  i s  t o   p r e s e n t   t h e   r e s u l t s  of an  

analysis of two types   o f   g rav i ty -g rad ien t  damping  systems  which 

were   cons idered   for   use   on   the  NASA  GEOS g e o d e t i c   s a t e l l i t e s .  

The purpose of t h e   a n a l y s i s  was t o   d e r i v e   t h e   t h e o r e t i c a l   p e r -  

f o r m a n c e   c h a r a c t e r i s t i c s  of  each  system  and  to  determine  which 

type o f  system i s  more s u i t a b l e  for a p p l i c a t i o n   t o   t h e  GEOS 

s a t e l l i t e s .  

1 . 2  SCOPE 

The f i rs t  technique   cons idered  was  a magnet ical ly   anchored 

eddy c u r r e n t  damper s i m i l a r   t o   t h e  one   used   successfu l ly  on t h e  

GEOS-A s a t e l l i t e .  This  damper f e a t u r e s  a f r i c t i o n l e s s   s u s p e n d e d  

permanent  magnet  which i s  a l igned  by t h e   e a r t h ' s   m a g n e t i c   f i e l d .  

At t i tude   mot ions  of  t h e   s a t e l l i t e   c a u s e   r e l a t i v e   m o t i o n   b e t w e e n  

t h e  magnet  and a c o n d u c t i n g   s h e l l .  The induced   eddy   cu r ren t s   i n  

t h e   s h e l l   d i s s i p a t e   k i n e t i c   e n e r g y   i n   t h e   f o r m  of  h e a t .  

The second  technique i s  a new concept  which  uses a  number 

of   long ,   fe r romagnet ic   rods   r ig id ly  mounted i n   t h e   s a t e l l i t e .  

The rods   a r e   shea thed  w i t h  copper t o  provide  eddy  current  damping 

o f   s a t e l l i t e   a t t i t u d e   m o t i o n s   i n   t h e   e a r t h ' s   m a g n e t i c   f i e l d .  

The a n a l y s i s   i n  t h i s  repor t   p roceeds   f rom  fundamenta l   p r in-  

c i p l e s   t o   d e r i v e   t h e   t o r q u e   g e n e r a t e d  by each  type  of  damper. 

W i t h i n   c e r t a i n   l i m i t a t i o n s   w h i c h  must  be  imposed t o   f a c i l i t a t e  

a n a l y s i s ,  enough informat ion   can   be   der ived   to  make p o s s i b l e  a 
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comparison of t h e  two  damping t e c h n i q u e s   i n   r e l a t i o n   t o   t h e  GEOS 

s a t e l l i t e s .   F o r  a more p r e c i s e   e v a l u a t i o n   o f   t h e   a b s o l u t e   p e r -  

formance, a computer .   s imula t ion   of   the  damper  and s a t e l l i t e  equa- 

t i o n s  of  motion would be   r equ i r ed .  However, t h i s  i s  deemed t o  

be unnecessary   for   the   purpose  of t h e   p r e s e n t  s t u d y .  

The a n a l y s i s   c o n s i s t s  of  t h r e e   p a r t s  as follows: 

S e c t i o n  3: Analys is  of Magnetically  Anchored Damper 

S e c t i o n  4: Analysis  of Eddy Current  Rod Damping Concept 

S e c t i o n  5: Comparison of Damping Techniques 

Equa t ions   and   f i gu res   a r e  numbered  from (1) i n   e a c h   s e c t i o n ,  

and c r o s s - r e f e r e n c e s   a r e   i n d i c a t e d  by t h e   a p p r o p r i a t e   s e c t i o n  

number p reced ing   t he   equa t ion  o r  f i g u r e  number; e.g. ,  (3.1-1) i s  

t h e  f i r s t  equa t ion  of s e c t i o n  3.1. 

2 



2. C ONC LUS I ONS 

Beginning   f rom  fundamenta l   p r inc ip les ,   the   magnet ica l ly  

anchored  eddy  current damper and t h e  eddy cu r ren t   rod  damper 

h a v e   b e e n   s t u d i e d   i n d i v i d u a l l y   t o   d e t e r m i n e   t h e i r   m a j o r   o p e r a t i n g  

c h a r a c t e r i s t i c s .  The c h a r a c t . e r i s t i c s  of t h e  two  dampers  have 

been   compared   under   condi t ions   appropr ia te   to  GEOS s a t e l l i t e s  

such as o p e r a t i n g   a l t i t u d e  and s i z e   l i m i t a t i o n s .  

Based  on t h e   r e s u l t s  of  the.   analyses  and  the  comparison,  the 

fol lowing  conclusions  can be r e a c h e d   c o n c e r n i n g   t h e   f e a s i b i l i t y  

of  each damper f o r  a p p l i c a t i o n   t o  GEOS s a t e l l i t e s :  

1. Damping  by eddy cu r ren t   rods  i s  more t h a n   a n   o r d e r  of  

magni tude   l ess   than   the  amount obta ined  wi th  the   magne t i ca l ly  

anchored damper f o r  a p o l a r   o r b i t  of  600 n. m i .  a l t i t u d e .  The 

t i m e   r e q u i r e d   t o  damp t r a n s i e n t   l i b r a t i o n s  would be  correspond- 

i n g l y   l o n g e r .  

2 .  For n o n - p o l a r   o r b i t s  o r  a t   h i g h e r   a l t i t u d e s ,   t h e   p e r f o r m -  

ance of t h e  eddy cu r ren t   rod  damper d e t e r i o r a t e s  more r a p i d l y  than  

the  magnet ical ly   anchored damper  performance. 

3. Although  damping  performance  could  be  improved by p r o -  

v id ing  more rods  than   cons idered ,  a s i g n i f i c a n t  improvement  would 

r e q u i r e  more r o d s   t h a n   c o u l d   b e   c a r r i e d   o n   t h e   s a t e l l i t e .  

A s  a poss ib l e   t echn ique  for use on o t h e r   s a t e l l i t e s ,   t h e   r o d s  

should be k e p t   i n  mind. S i g n i f i c a n t  improvement i n   t r a n s i e n t  

damping could 

rods  of   twice 

s a t e l l i t e s .  

be   ob ta ined ,  i f  t h e   s a t e l l i t e   c o u l d  accommodate 

the   l ength   which   can   be  accommodated i n  GEOS 
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It appea r s   t ha t   t he   magne t i ca l ly   anchored  damper i s  w e l l -  

s u i t e d   f o r   a p p l i c a t i o n  t o  t h e  GEOS s a t e l l i t e s ;  however, t h e r e  

a r e  two e f f ec t s   wh ich   have   no t   been   adequa te ly   exp la ined .   F i r s t ,  

i t  i s  shown t h a t   t h e   a x i s   o f   r e l a t i v e   r o t a t i o n   b e t w e e n   t h e  two 

major  components of t h e  damper is ,  i n   g e n e r a l ,   n o t   s t a t i o n a r y  

w i t h   r e s p e c t   t o   e i t h e r   p a r t .   A p p a r e n t l y ,   t h i s   b e h a v i o r   h a s   n o t  

b e e n   s i m u l a t e d   i n   l a b o r a t o r y   t e s t s   o f   t h e   d a m p e r .  It would  be 

u s e f u l   t o   s i m u l a t e   t h e   r o t a t i o n  more r e a l i s t i c a l l y   t o   s e e  i f  t h e r e  

i s  any p e c u l i a r i t y   a s s o c i a t e d   w i t h   t h e  more  complex  motion. 

Second, i t  i s  shown t h a t   o n l y  a c e r t a i n  component  of t h e  damper 

genera ted   to rque  i s  e f f e c t i v e   i n  damping s a t e l l i t e   l i b r a t i o n s .  

There i s  ano the r  component  of t he   gene ra t ed   t o rque  that i s  d i -  

rected  normal  t o  t h e   s a t e l l i t e   r o t a t i o n   a x i s .  The e f f e c t  of t h i s  

component should be  shown t o  b e   n e g l i g i b l e  or, o the rwise ,   i n -  

c luded   in   computer   s imula t ions  of t h e   s a t e l l i t e   a t t i t u d e  dynamics. 

4 



3 .  ANALYSIS O F  THE " MAGNETICALLY ANCHORED EDDY CURRENT DAMPER 

3.1 DAMPER DESCRIPTION 

A b r i e f   d e s c r i p t i o n   o f   t h e   m a g n e t i c a l l y   a n c h o r e d  damper w i l l  

b e   g i v e n   i n   o r d e r   t o   j u s t i f y   t h e   n a t u r e  of t h e   t h e o r e t i c a l  model 

t h a t  w i l l  be   ob ta ined .  The  damper c o n s i s t s   b a s i c a l l y   o f   a n  

assembly  of s i x  cy l ind r i ca l   pe rmanen t   magne t s ,   a r r anged   i n   t he  

shape  of a three   d imens iona l  + s i g n  o r  a c ruc i form,   wi th   oppos i te  

p o l e s  a t  oppos i t e   ends   o f   t he   c ruc i fo rm.  The  magnet  assembly i s  

con ta ined   w i th in  a s p h e r i c a l   c o p p e r   s h e l l   f o r  eddy c u r r e n t  damp- 

ing   pu rposes .   Ano the r   ou te r   she l l  made of p y r o l y t i c   g r a p h i t e ,  

which i s  a d iamagnet ic   subs tance ,   exer t s  a c e n t e r i n g   f o r c e  on 

t h e  magnet  assembly  and  provides a f r i c t i o n l e s s   s u s p e n s i o n  mech- 

a n i s m   i n   a n   o r b i t a l   e n v i r o n m e n t .   F i n a l l y  a t h i r d  o u t e r   s h e l l ,  

made of  aluminum,  provides a p r o t e c t i v e   h o u s i n g   f o r   t h e  damper 

and a means f o r   a t t a c h i n g   t h e  damper t o   t h e   s a t e l l i t e .  

The o p e r a t i o n  of t h e  damper i s  as fo l lows :  When t h e   s a t e l -  

l i t e  i s  i n   o r b i t ,   t h e  magnet  assembly i s  suspended by the  diamag- 

n e t i c   f o r c e  and i s  f r e e  t o  r o t a t e .  The ne t   magnet ic   d ipole  of 

t he   c ruc i fo rm m a g n e t   a s s e m b l y   t e n d s   t o   a l i g n   i t s e l f   i n   t h e   d i r e c -  

t i o n  of t h e   l o c a l   m a g n e t i c   f i e l d   o f   t h e   e a r t h .  A s  t h e   s a t e l l i t e  

u n d e r g o e s   l i b r a t i o n s ,   t h e r e  i s  r e l a t ive   mo t ion   be tween   t he   con-  

duc t ing   she l l   and   the   magnet   assembly .  Th i s  induces  an e l e c t r i c  

f i e l d  w i t h i n  the conductor   which   causes   eddy  cur ren ts   to   f low.  

The   magne t i c   f i e ld   o f   t he  eddy c u r r e n t s   i n t e r a c t s   w i t h   t h a t   o f  

t h e   c r u c i f o r m   t o   p r o d u c e  a r e t a r d i n g   t o r q u e .  An i n i t i a l   e n e r g y  

o f   l i b r a t i o n  i s  g r a d u a l l y   d i s s i p a t e d   i n   h e a t i n g   t h e   c o p p e r   s h e l l .  

5 



3.2 THEORETICAL MODEL OF THE MAGNETICALLY ANCHORED DAMPER 

For the   purpose  of d e r i v i n g   t h e  damping  torque, a t h e o r e t i -  

c a l  model of the  magnet ical ly   anchored damper w i l l  be   s tud ied .  

The t h e o r e t i c a l  model c o n s i s t s  of an   i dea l i zed   c ruc i fo rm magnet 

suspended a t  t h e   c e n t e r   o f  a s i n g l e   c o n d u c t i n g   s p h e r i c a l   s h e l l .  

The c e n t e r   o f   t h e  magnet is assumed t o   r e m a i n   f i x e d   a t   t h e   c e n t e r  

o f   t he   she l l ,   bu t   o the rwise   t he  magnet i s  f r e e   t o   r o t a t e   a b o u t   a n  

a r b i t r a r y   a x i s   t h r o u g h   t h e   c e n t e r .  The  magnetic f i e l d  o f   t he  

cruciform  magnet  assembly i s  assumed t o   b e   e q u i v a l e n t   t o   s u p e r -  

p o s i n g   t h e   t h r e e   f i e l d s   p r o d u c e d  by a s i n g l e   c y l i n d r i c a l   b a r  

magnet  which  occupies, i n   t u r n ,   t h e   p o s i t i o n   o f   e a c h  arm  of t h e  

c ruc i form.  The b a r  magnet i s  assumed to   be  uniformly  magnet ized 

a long  i t s  l o n g i t u d i n a l   a x i s .  

With th i s  m o d e l ,   t h e   e s s e n t i a l   n a t u r e  of t h e   p r a c t i c a l  damper 

i s  r e t a i n e d ,   b u t   e x t r a n e o u s   d e t a i l s   o f   c o n s t r u c t i o n  of a p r a c t i -  

c a l  damper a r e   o m i t t e d .  The a n a l y s i s  w i l l  be   considerably  s imp- 

l i f i e d   a n d ,   t h e r e f o r e ,  w i l l  b e   e a s i e r   t o   i n t e r p r e t ,  b u t  t h e   r e -  

s u l t s  shou ld   neve r the l e s s   adequa te ly   i nd ica t e   t he   pe r fo rmance  of 

t h e   p r a c t i c a l  damper.  There i s  expe r imen ta l   ev idence   t o   suppor t  

these  assumptions.  It i s  known t h a t   t h e   p y r o l y t i c   g r a p h i t e   s h e l l  

between  the two c o n d u c t i n g   s h e l l s   d o e s   n o t   c o n t r i b u t e   a p p r e c i a b l y  

t o   t h e   t o r q u e .  The to rque   due   t o  eddy c u r r e n t s   i n d u c e d   i n   t h e  

o u t e r  aluminum s h e l l ,   a c c o r d i n g  t o  l a b o r a t o r y   t e s t s ,  i s  about 12% 

o f   t h e   t o t a l   t o r q u e ;   h e n c e ,  a c o r r e c t i o n   f a c t o r   c a n   b e   a p p l i e d  

t o   t h e   r e s u l t s  of t h e   a n a l y s i s   t o   a c c o u n t  for the presence  of 

t h e  aluminum s h e l l .  

6 



Concerning  the  magnet  assembly,  the  idealized  magnet may 

n o t   g i v e   a n   a c c u r a t e   r e p r e s e n t a t i o n  of t h e   f i e l d   i n   t h e   r e g i o n  

nea r   t he   cen te r ;   where   t he   s ix   magne t s   a r e  mounted i n  a s t e e l  

f i t t i n g ,  however, t h e   f i e l d   i n  that  r eg ion   does   no t   i n t e rac t  

ve ry   s t rong ly   w i th   t he   magne t i c   f i e ld   o f   t he   i nduced  eddy cur -  

r e n t s   i n   t h e   s h e l l .  The e r r o r ,   t h e r e f o r e ,   s h o u l d   n o t   b e   s i g -  

n i f   i c a n t  . 
Two fu r the r   a s sumpt ions  a re  made i n   t h e  model. The r e s i s -  

t i v i t y  of t h e  magnet a l l o y  i s  assumed t o  be  very much g r e a t e r  

t h a n   t h a t  of t h e   s h e l l ,  s o  that  the   f l ow of eddy c u r r e n t s   i n   t h e  

magnet  induced by the   magne t i c   f i e ld  of t he   she l l   c an   be   neg -  

l e c t e d .   F i n a l l y ,   t h e   c o n d u c t i n g   s h e l l  i s  assumed t o  have  the 

p e r m e a b i l i t y   o f   f r e e   s p a c e .  
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3 .; 3 ANALYTICAL  APPROACH 

The t o r q u e   o n   t h e   s p h e r i c a l   c o n d u c t i n g   s h e l l   g e n e r a t e d  by 

r e l a t i v e   m o t i o n  of t h e  magnet i s  o b t a i n e d   f r o m   t h e   d i s t r i b u t e d  

f o r c e s  due t o   t h e   i n t e r a c t i o n  of   induced  currents   and  the mag- 

n e t i c   f i e l d .   S p e c i f i c a l l y ,   t h e   f o r c e  f on  an  elemental  volume 

i n  w h i c h   t h e   c u r r e n t   d e n s i t y   i n  7 (amp/$ ) and  the  magnetic indue- 

t i o n   i s  B (wb/m2 ) g iven  by [l] 

- 

- 
f = J x B  (nt-m-3 ) ( 1) 

I n   o r d e r   t o   o b t a i n   t h e   n e t   t o r q u e   a b o u t  a p a r t i c u l a r   a x i s  of t h e  

damper, it i s  n e c e s s a r y ,   t h e r e f o r e ,   t o  f i r s t  o b t a i n   t h e  eddy cu r -  

r e n t   d e n s i t y  and t h e   m a g n e t i c   f i e l d   i n d u c t i o n   a t   a l l   p o i n t s   w i t h i n  

t h e   s h e l l .   B a s i c a l l y ,  t h i s  i s  a problem i n   m a g n e t o s t a t i c s ,   s i n c e  

i t  can  be  assumed t h a t   a l l   f i e l d   e f f e c t s   a r e   p r o p a g a t e d   i n s t a n -  

taneous ly ,   and ,   therefore ,   Maxwel l ' s   d i sp lacement   cur ren t   can   be  

neg lec t ed .  

The r e q u i r e d   f i e l d   r e l a t i o n s h i p s   a r e   g i v e n  by Maxwel l ' s   f i e ld  

equa t ions ,   omi t t i ng   t he   d i sp l acemen t   cu r ren t .  A unified  formu- 

l a t i o n  i s  ob ta ined   i n   t e rms  of t h e   m a g n e t i c   v e c t o r   p o t e n t i a l  a 
which i s  d e f i n e d   i n   t h e   f o l l o w i n g  manner: 

Note t h a t   t h e   a b o v e   d e f i n i t i o n   s a t i s f i e s   t h e   r e q u i r e m e n t  that  

V-B = 0, s i n c e   t h e   d i v e r g e n c e   o f   t h e   c u r l   o f  any vec to r  i s  zero.  

The a d d i t i o n a l   s p e c i f i c a t i o n   t h a t   t h e   d i v e r g e n c e   o f  A i s  zero,  

c o r r e s p o n d s   t o   t h e   a s s u m p t i o n   t h a t   t h e r e  i s  no f r e e   c h a r g e   i n  

t h e   r e g i o n   o f   i n t e r e s t .  
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1% W i l l  be  shown t h a t  A s a t i s f i e s   c e r t a i n   p a r t i a l   d i f f e r e n -  

t i a l  equat ions  which  depend  on  the  nature   of   the  medium. The 

a n a l y s i s  of t h e  damper, t he re fo re ,   r equ i r e s   t he   s imu l t aneous  

s o l u t i o n  of t he   appropr i a t e   equa t ions   fo r   each   r eg ion   hav ing  

d i s t i n c t   e l e c t r i c a l  or m a g n e t i c   p r o p e r t i e s   i n   s u c h  a way that  

c e r t a i n   b o u n d a r y   c o n d i t i o n s   a r e   s a t i s f i e d .  The bas ic   theory  

w i l l  b e   o u t l i n e d   i n   t h e   n e x t   s e c t i o n .  
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3.4 VECTOR POTENTIAL THEORY 

A s  s t a t e d   p r e v i o u s l y   t h e   f a c t   t h a t  v * B  = 0 p e r m i t s  3 t o   b e  

o b t a i n e d   a s   t h e   c u r l   o f  a v e c t o r   p o t e n t i a l  x. 
I 

B = V x X  (1) 

In   t he   absence   o f   f r ee   cha rge  

v e x =  0 ( 2 )  

Thus t h e   v e c t o r   p o t e n t i a l x   c a n   b e   d e r i v e d   i n   t u r n   f r o m  a h i g h e r  

p o t e n t i a l  G; i . e . ,  

- 
A = V  X P  ( 3 )  

with t h e   a u x i l i a r y   c o n d i t i o n   t h a t  

0.R = 0 (4) 

T h i s   f a c t  w i l l  be   o f   cons ide rab le   impor t ance   i n   t he   so lu t ion  of 

the  boundary  value  problem for t h e   v e c t o r   p o t e n t i a l  x. Note that  

the   vec to r   po ten t i a l   f rom  wh ich  B i s  ob ta ined  i s  not  unique, 

because x* = X + vcp, where cp i s  a s c a l a r   f i e l d   a l s o   s a t i s f i e s  ( 2 ) .  

The e q u a t i o n s   t h a t  x m u s t  s a t i s fy   a r e   ob ta ined   f rom  Maxwel l ' s  

equa t ions .   Accord ing   to  

i n d u c t i o n  3 w i l l  produce 

From t h e   d e f i n i t i o n   o f  A 

Faraday ' s  l a w ,  a t ime  varying  magnetic 

an e l e c t r i c   f i e l d   s u c h   t h a t  

(5) 
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If t h e   f i e l d  i s  produced i n  a conductor  of volume r e s i s t i v i t y  p ,  

t h e n  a c u r r e n t   d e n s i t y ,  x = E/p ,  w i l l  f low.  Thus ,  

-aiX p J  = - a t  

The c u r r e n t   i n   t u r n  w i l l  produce a magnet ic   f ie ld ,   accord ing  t o  

Ampere s l a w  

v x B = p J  ( 8 )  

where 1-1 i s  t h e   p e r m e a b i l i t y   o f   t h e  medium. 

In   r ec t angu la r   coo rd ina te s ,   each  component  of 3 s a t i s f i e s  

Po i s son ' s   equa t ion   i n   wh ich   t he  inhomogeneous  term i s  p r o p o r t i o n a l  

t o  a component  of t h e   c u r r e n t   d e n s i t y .  When t h e   c u r r e n t   d e n s i t y  

i s  known, the  above  equation  can  be  solved for 3.  I n   t h e   c a s e  

where 7 i s  an unknown c u r r e n t   d i s t r i b u t i o n   a r i s i n g  from a time- 

vary ing   magnet ic   f ie ld ,  ( 7 )  and (9) can be  combined t o   y i e l d  

Now t h e  components  of A i n   r e c t a n g u l a r   c o o r d i n a t e s  s a t i s f y  d i f f u -  

s i o n  or "hea t "   equa t ions .  

When t h e  medium i s  an i n s u l a t o r  ( p  = w ) ,  then  J = 0, and t h e  
- 

v e c t o r   p o t e n t i a l   s a t i s f i e s  a vector   form  of   Laplace 's   equat ion;  

i . e . ,  

V 2 K  = 0 
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The na ture   o f   the   boundary   condi t ions   which   the   vec tor  

p o t e n t i a l  must  s a t i s f y   a r e   d i s c u s s e d  by  Panofsky  and  Phi l l ips  [21. 

From t h e   c o n s e r v a t i o n  o f   magne t i c   f l ux   ac ross   t he   boundary ,   t he  

l i n e   i n t e g r a l   o f  A along any arbitrary c losed   pa th   i n   t he   boundary  

s u r f a c e  must be  zero;  hence, on the   i n t e r f ace   be tween   r eg ions  1 

and 2, 

where the   subsc r ip t   deno tes   t he   t angen t i a l   componen t .   I n   t he  

a b s e n c e   o f   t r u e   s u r f a c e   c u r r e n t s ,   t h e   t a n g e n t i a l  component  of 

m a g n e t i c   f i e l d   i n t e n s i t y  i s  conserved; t h u s ,  

1 ( v  x )t = - 1 ( v  x x, )t 
1-11 1-12 

Each of these   boundary   condi t ions  has two components, so  that  

a l toge the r   fou r   boundary   cond i t ions   a r e   ob ta ined   a t   each   boundary .  
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3.5 MATHEMATICAL  FORMULATION OF THE BOUNDARY VALUE PROBLEM  FOR 
THE VECTOR POTENTIAL 

It i s  now p o s s i b l e   t o   f o r m u l a t e   t h e  damper a n a l y s i s  as a 

boundary  value  problem  for  t h e  v e c t o r   p o t e n t i a l .   D e n o t e  the  

v e c t o r   p o t e n t i a l   o f  t h e  cruciform  magnet  by A ’ .  This  i s  t h e  

p o t e n t i a l   o f   t h e  f i e l d  that  would e x i s t  when t h e  magnet i s  i n  

f r e e   s p a c e .  Under the   assumpt ion  tha t  t he  f i e l d  i s  equ iva len t  

t o   s u p e r p o s i n g   t h e   f i e l d s   o f  a s ingle   uniformly  magnet ized bar 

magnet  occupying, i n   t u r n ,   t h e   p o s i t i o n   o f   e a c h  arm o f   t h e   c r u c i -  

form,  then 7i’ i s  t h e  sum o f   t h e   i n d i v i d u a l   v e c t o r   p o t e n t i a l s   o f  

each arm. Now a uniformly  magnetized bar magnet i s  equ iva len t  

t o  a cu r ren t   shee t   a round   t he   su r f ace   o f   t he   cy l inde r ,  and t h e  

i n t e r i o r  may be  regarded as a r eg ion   o f   f r ee   space .  Thus, t h e  

v e c t o r   p o t e n t i a l   o f   t h e  magnet  can  be  derived  from  an  equation 

o f  t h e  form (3.4-9).  

* 

The space  surrounding  the  magnet  when i t  i s  i n   t h e  damper 

s h e l l  i s  d i v i d e d   i n t o   t h r e e   d i s t i n c t   r e g i o n s  as fo l lows:  

Region I: f r e e   s p a c e   i n s i d e   t h e   s p h e r i c a l   s h e l l  

Region 11: t h e   s h e l l  

Region 111: f r e e   s p a c e   o u t s i d e   t h e   s h e l l  

I n  Region I, a p e r t u r b i n g   p o t e n t i a l  x1 must  be  added t o  A ‘  i n  

o r d e r   t o   s a t i s f y   t h e   b o u n d a r y   c o n d i t i o n s  a t  t h e   i n s i d e   s u r f a c e   o f  

t h e  s h e l l .   S i n c e   t h e  magnet i s  e q u i v a l e n t   t o   f r e e   s p a c e ,   i n s o f a r  

a s   e x t e r n a l   f i e l d s   a r e   c o n c e r n e d ,   t h e   b o u n d a r y  of t h e  magnet  can 

be   i gnored ,   and   t he   po ten t i a l  3, can be extended  through  the  magnet.  

* 
See [ 3 ]  pp.  427-429. 
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The n e t   p o t e n t i a l s   i n   R e g i o n s  I1 and I11 w i l l  be denoted  by 3, and 

I , ,  r e s p e c t i v e l y .  

The a p p r o p r i a t e   e q u a t i o n s   f o r   t h e   v e c t o r   p o t e n t i a l   i n   e a c h  

r e g i o n   a r e  t h e  fo l lqwing:  

Region I: V2(iil+Ai') = 0 (1) 

Region 11: 

Region 111: v"X3 = 0 ( 3  1 

1-1~ aA2 @ A 2  = - - 
J v2 = IJ.0 ( 2 )  

I n   a d d i t i o n   t h e   b o u n d a r y   c o n d i t i o n s  a t  t h e  s u r f a c e s   o f  t h e  s h e l l  

a re  t h e  fo l lowing:  

I n s i d e   s u r f a c e :  

( A , + A ' ) ,  = (A2 ) t  

v2 'P3 =clo 

(4) 

Equation ( 2 )  i s  w r i t t e n  w i t h  r e s p e c t  t o  a coord ina te   sys tem f ixed  

i n  t h e  s h e l l .   I n  t h i s  coord ina te   sys tem ii' i s  a func t ion   of  time 

a t  a g i v e n   p o i n t  as t h e  magnet r o t a t e s ,  so  t ha t  fi2 i s  s u b j e c t  t o  

a t ime-vary ing   boundary   condi t ion   in  ( 4 ) .  

Although t h e  s o l u t i o n  of t h e  boundary   va lue   p roblem  for  t h e  

v e c t o r   p o t e n t i a l   c a n  be c a r r i e d  o u t  i n   p r i n c i p l e ,   f o r m i d a b l e  

problems a r e  e n c o u n t e r e d   i n   d e r i v i n g  a s u i t a b l e   e x p r e s s i o n   f o r  

A '  w i t h  r e s p e c t  to a coord ina te   sys tem f ixed i n  t h e  she l l ,  and 
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a l s o ,  f rom  the   f ac t  tha t  the   Lap lac i an   ope ra to r   ope ra t e s   on   t he  

u n i t   v e c t o r s   i n  a l l  coord ina te   sys tems  except   rec tangular   sys tems.  

S ince  the geometry i s  s p h e r i c a l ,  a sphe r i ca l   coo rd ina te   sys t em 

would s i m p l i f y   t h e   t a s k   o f   o b t a i n i n g   s e p a r a b l e   s o l u t i o n s   w h i c h  

s a t i s f y   t h e   b o u n d a r y   c o n d i t i o n s .  

These d i f f i c u l t i e s  may be avoided   by   re formula t ing  t h e  pro-  

blem i n   t e rms  o f  two s c a l a r   p o t e n t i a l s ,  W, and w,, from  which 

t h e   v e c t o r   p o t e n t i a l  3 can be de r ived .  The s c a l a r   p o t e n t i a l s   a r e  

n o t   n e a r l y  so troublesome to work wi th  as w i l l  be  seen. 



3.6 GENERAL  REMARKS ON THE SOLUTION OF VECTOR POTENTIAL PROBLEMS 

A t  e a c h   p o i n t   i n   s p a c e ,  a v e c t o r  i s  s p e c i f i e d  by i t s  com- 

ponents   a long   th ree .or thogona1  axes .   Thus ,  a v e c t o r   p o t e n t i a l  

i s  d e r i v a b l e   f r o m   t h r e e   s c a l a r   p o t e n t i a l s .   W i t h   t h e   a u x i l i a r y  

cond i t ion  tha t  v.A = 0, one o f  t h e   s c a l a r   p o t e n t i a l s   c a n   b e  

expres sed   i n   t e rms  of t h e   o t h e r  two, s o  t h a t  o n l y  two independent 

p o t e n t i a l s   a r e   n e e d e d .  Ear l ie r  i t  was mentioned tha t  s i n c e  

V - 3  = 0,  A = vxm, where i s  a v e c t o r   p o t e n t i a l .  For s p h e r i c a l  

geometry i t  i s  convenient  to e x p r e s s   a s   t h e  sum o f  a r a d i a l  

component 2nd a t a n g e n t i a l  component i n  the form 

m = rw, + vxrw, (1 1 

where W, and W2 a r e  t he  two s c a l a r   p o t e n t i a l s ,   a n d  5 i s  t h e  

r a d i u s   v e c t o r   f r o m   t h e   o r i g i n  a t  t h e   c e n t e r  to t h e  f i e l d  p o i n t .  

The p a r t i c u l a r   f o r m  o f  (1) i s  chosen on t h e   f o l l o w i n g  basis: 

S ince  

v2A = v2(vxTl)  = vX(v2m)  ( 2 )  

(11) v2Wi = k -& , i = 1 , 2  3 v2A = 
AW aA 

k a t  

The s i g n i f i c a n c e  of r e s u l t s  (I) and (11) i s  that  cer ta in   boundary  

value  problems for v e c t o r   p o t e n t i a l s  may be  formulated as 

ana logous   boundary   va lue   p rob lems   fo r   s ca l a r   po ten t i a l s .  The 

boundary   cond i t ions   fo r  W, and W2 a re   chosen  s o  t ha t   t he   boundary  

c o n d i t i o n s  on A (or B and n )  a r e   i d e n t i c a l l y   s a t i s f i e d .  The 
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manner i n  which W, and W, c o n t r i b u t e  t o  the   boundary   condi t ions  

can be made c l e a r   b y   o b t a i n i n g   e x p l i c i t   f o r m u l a s   f o r  3 and B .  

Using   sphe r i ca l   po la r   coo rd ina te s  w i t h  u n i t   v e c t o r s  e , ,  
- 
e and e i n   t h e   d i r e c t i o n s  of  i n c r e a s i n g  r, 8, and ep a t  t h e  

f i e l d   p o i n t  t h e  f o l l o w i n g   r e s u l t s   a r e   o b t a i n e d :  
8' CP 

R = VX(FW1 ) = -Exowl 
- 

R = vx(rxvw2 ) = rv2w2 - v(E*vw2) - ow, ( 8  ) 
r 1 

where u, = . Combining  terms i n  ep ar 

where 

a2 w, a + c o t e 3  + CSC"8 arp" a2 w 
LJW21 = a e  
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Note t ha t  o n l y  W2 c o n t r i b u t e s   a n y t h i n g  t o  8 , .  Combining e and 0 
- 
e terms from ( 7 )  and (10) y i e l d s  
CP 

Both W1 and W, con t r ibu te   t e rms  t o  x,. Next 

B = vx(vxrw\r,) = -Y7x(FxvW1) 

No te   t he   s imi l a r i t y   be tween  (9) and (17). 

Next  from ( 9 )  

The  second term in ( 9 )  i s  t h e   g r a d i e n t  of  a s c a l a r  and t h e  r e s u l t  

o f   t a k i n g   t h e   c u r l  i s  i d e n t i c a l l y  zero. I n   i n s u l a t o r s ,  where W, 

i s  a s o l u t i o n  o f  v2W, = 0, V = 0, and W, makes  no  contr ibut ion t o  

B; however, W2 may be  needed t o  s a t i s f y   b o u n d a r y   c o n d i t i o n s .  I n  

conductors,  where W, i s  a s o l u t i o n  of t he   d i f fus ion   equa t ion ,  

a ( s  Q aw 
= k ? t  ---- sin0 Acp 

Combining  terms i n  e, f r o m ( 1 7 )  y i e l d s  
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where u, = a(rW, ) / m .  Note the  s imi l a r i t y   be tween  (11) and (21). 

A l s o  n o t e  tha t  W, makes  no  contr ibut ion t o  B , .  Final ly ,   combining 

terms i n  and Z from (17) and (29) y i e l d s  0 cp 

S u f f i c i e n t   c o n d i t i o n s  on W, and W, f o r   t he   boundary   cond i t ions  

on 3, and gt t o  be s a t i s f i e d   c a n   b e   d e t e r m i n e d  f r o m  inspec t ion   o f  

(12 )   and   (22 ) .  The r e s u l t s  a r e  as follows: 

(A) (W, ), = ( W l ) 2  a t  r=a.  i = 1 , 2  

a t  r=a.  i = l , 2 .   O u t s i d e   s u b s c r i p t s   d e n o t e  t ha t  t h e   q u a n t i t y  i s  

eva lua ted  on oppos i t e  s ides  of t h e  boundary a t  r-a. 



3.7 SYMMETRY C O N S I D m A T I O N S  

Under the   a s sumpt ion  tha t  the  cruciform  magnet   remains 

c e n t e r e d   i n  t h e  s p h e r i c a l  shell  while r o t a t i n g ,   c e r t a i n  s impli-  

f i c a t i o n s   i n   t h e   a n a l y s i s   c a n   b e  made on  account  of  symmetry. 

The e s s e n t i a l   p o i n t  that  will be made i s  that  3’ has no radial  

component,  and the re fo re ,   one   o f   t he  two s c a l a r   p o t e n t i a l s ,  W,, 

w i l l  n o t  be r e q u i r e d .  

As d i s c u s s e d   i n   S t r a t t o n  [l], t he  v e c t o r   p o t e n t i a l  of  a 

permanent  magnet  can  be  derived  from t h e  equ iva len t   su r f ace  and 

volume c u r r e n t s   w i t h i n   t h e   m a g n e t .   S i n c e   t h e   f i e l d  o f  t he  c r u c i -  

f o r m   c a n   b e   r e s o l v e d   i n t o   t h r e e  component f i e l d s   g e n e r a t e d   b y  

bar m a g n e t s ,   t h e   n a t u r e   o f   t h e   v e c t o r   p o t e n t i a l   o f  a c y l i n d r i c a l  

bar magnet  which i s  uniformly  magnetized i n  t h e  axial  d i r e c t i o n  

will be  examined. For a magnetic moment p e r  u n i t  volume E, the  

e q u i v a l e n t   s u r f a c e   c u r r e n t   d e n s i t y  i s  

= Rxfi (1 1 
where fi i s  a un i t   vec to r   no rma l  t o  the   sur face .*   The   equiva len t  

volume c u r r e n t  i s  

5 = V X J i  ( 2 )  

and  s ince  R i s  cons t an t ,  J = 0. The f o r m u l a   f o r  A ‘  i s ,  t h e r e f o r e ,  

where r i s  t h e   d i s t a n c e  from the  e l emen ta l   su r f ace   a r ea  dS t o  t h e  

f i e l d  p o i n t .  At p r e s e n t   o n l y   t h e  symmetry p r o p e r t i e s   o f  A ’  a r e  

o f   i n t e r e s t ,  and the  e v a l u a t i o n   o f   t h e   i n t e g r a l  will be  postponed 

u n t i l  l a t e r  when t h e  resul ts  a re   needed .  
* 

i s  also the  loop   magnet iza t ion  (amp/m) of  c i r c u l a t i n g   c u r -  
r e n t s  or s p i n n i n g   e l e c t r i c   c h a r g e s   w i t h i n  t he  magnet. 
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L e t  p ,  cp, and z denote  a set  o f   c y l i n d r i c a l   c o o r d i n a t e s  w i t h  

o r i g i n  a t  t h e   c e n t e r   o f   t h e  bar magnet .   Denote   the   un i t   vec tors  

i n   t h e   d i r e c t i o n s   o f   i n c r e a s i n g  p, cp, and z by e , e and E, 
r e s p e c t i v e l y .   C l e a r l y ,   t h e  end s u r f a c e s   c o n t r i b u t e   n o t h i n g  to 

t h e   i n t e g r a l ,   b e c a u s e  R = and ii a r e   c o l l i n e a r .  For an element 

of   a rea   on   the   curved   sur face ,  n = e and itxe = e . 

- 
P cp' 

- - - 
P' P rp 

Because  of  axial   symmetry A '  i s  independent  of CD and A '  = f ( p , z ) .  
ep rp 

Changing to s p h e r i c a l   p o l a r   c o o r d i n a t e s  r, 8 ,  cp 

p = r s i n e  (5) 

z = r cos9 (6) 

o b t a i n  x' = e A' ( r , Q )  

s i n c e  e i s  invar ian t   under   the   t ransformat ion .   Obvious ly  w' f o r  

a s i n g l e  bar magnet has no r a d i a l  component,   and,  therefore,   the 

n e t   v e c t o r   p o t e n t i a l   o b t a i n e d   b y   s u p e r p o s i n g   v e c t o r   p o t e n t i a l s  of  

each arm of   the   c ruc i form a l so  has  no  r a d i a l  component. With 

r e s p e c t  t o  a Se t  O f  sphe r i ca l   po la r   coo rd ina te s   r e f e renced  to rec-  

t a n g u l a r   a x e s   c o i n c i d i n g  w i t h  t h e   a x e s  of  the   c ruc i form,  i t  should 

be  apparent  tha t  t h e   n e t   v e c t o r   p o t e n t i a l   c a n   b e   d e s c r i b e d   i n   t h e  

following  manner: 

C p c p  
(7 1 

ep 

The Ze term i s  con t r ibu ted   by  t h e  x and y arms of   the   c ruc i form,  

and A' i s  now a f u n c t i o n  of co t o  a c c o u n t   f o r   t h e   c o n t r i b u t i o n  or 

the  x and y arms. 
cp 

2 1  



I n  sec t ion  (3m6) \ -  , i t  Was p o i n t e d  out that  the v e c t o r   p o t e n t i a l  

is ,  i n   g e n e r a l ,   d e r i v a b l e   f r o m  two s c a l a r   p o t e n t i a l   f u n c t i o n s ,  

W, and W,, and fur thermore ,  that o n l y  W, c o n t r i b u t e s  a r ad ia l  

component  of 1. Thus, a s u f f i c i e n t   c o n d i t i o n  for 8 ’  to have   ze ro  

rad ia l  component i s  t h a t  Wd 0. T h i s  might be expec ted ,   s ince  

a vector   which has z e r o  r ad ia l  p a r t  and zero   d ivergence   can  be 

s p e c i f i e d   b y  a s i n g l e   s c a l a r   q u a n t i t y .   A l t h o u g h  Wl = 9 i s  n o t  

a n e c e s s a r y   c o n d i t i o n   f o r  a,’ = 9, t h e  o n l y   o t h e r   p o s s i b i l i t y  i s  

t h a t  W,’ must  have a form tha t  c o n t r i b u t e s   n o t h i n g  to e i t h e r  3’ 

or B ’ .  

From (3.6-14) 

Hence, a n e c e s s a r y   a n d   s u f f i c i e n t   c o n d i t i o n  t h a t  hp’ = 9 i s  f o r  

Lw[w;l = c) (19) 

Since  V23’ = 0 a t  a l l  p o i n t s   o u t s i d e  of the   magnet ,  Wi must 

s a t i s f y  v2Wi = 9. Thus, Wd must be a spher ica l   harmonic   o f  

zero  degree  which has the  form 

where A,B,C,D and 6, a r e  a rb i t r a ry  cons t an t s   and  m i s  a n   i n t e g e r .  

But t h i s  s o l u t i o n  i s  s i n g u l a r  for e i t h e r  8=0 or TT r a d i a n s ,   u n l e s s  

m=C). Although m=c) g i v e s  

Wi = A + Br-’ (12 )  
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as a poss ib le  form of WL which  makes 3,' zero ,   no th ing  i s  c o n t r i -  

buted t o  3, e i t h e r ,   s i n c e  It i nvo lves   t he  par t ia l  d e r i v a t i v e s  

of  W,' with r e s p e c t  t o  9 and rp as s e e n   i n  (7-15). 

It fol1,ows that when 3: = 9, W; can  be  set   equal  t o  zero  with- 

o u t  loss of g e n e r a l i t y ,  Then 8' i s  der ivable   f rom a s i n g l e   s c a l a r  

p o t e n t i a l  W' in   the   fo l lowing   manner :  

The r e l a t ion   be tween  A '  and W' f o r  a s i n g l e  bar magnet  along 

the z-ax is  w i l l  be of i n t e r e s t   f o r   l a t e r   a n a l y s i s .   S i n c e  X' = 

e A'(r,8) and A i s  independent  of cp, w' i s  a l s o  independent  of  
- 
cpv ep  

rp. Thus, 

A '  = vxrW'( r ,Q)  -e aw' - 
cp a e  

aw' so that A' = - - 
PD a e  



3.8 FORMULATION OF THE BOUNDARY  VALUE  PROBLEM FOR TKE SCALAR 
POTENTIAL 

The r e q u i r e d   s c a l a r   p o t e n t i a l ,  from which the  magnet ic   vector  

p o t e n t i a l  i s  de r ived ,  i s  o b t a i n e d   a s   t h e   s o l u t i o n  of a boundary 

value  problem  which will be   posed   in  t h i s  s e c t i o n .  The r e s u l t i n g  

s o l u t i o n  f o r  t h e   s c a l a r   p o t e n t i a l  a t  a l l  p o i n t s  of i n t e r e s t  will 

b e   o b t a i n e d   i n   t e r m s   o f   t h e   s c a l a r   p o t e n t i a l   o f   t h e   m a g n e t .  A l -  

t h o u g h   t h e   s c a l a r   p o t e n t i a l   o f   t h e  magnet i s  unknown a p r i o r i ,  

t h e  unknown parameters   can   be   ident i f ied   by   t ak ing   the   cur l  of 

t h e   s c a l a r   p o t e n t i a l  and  comparing  the result w i t h  t h e  known 

v e c t o r   p o t e n t i a l .  

The s c a l a r   p o t e n t i a l   p r o b l e m  may b e   s t a t e d  as fo l lows :  Let  

W '  d e n o t e   t h e   s c a l a r   p o t e n t i a l  o f  t h e  magnet i n   f r e e   s p a c e .  The 

pe r tu rb ing   po ten t i a l   wh ich  must be  added t o  W' i n   r e g i o n  I t o  

s a t i s f y   b o u n d a r y   c o n d i t i o n s  a t  t h e   i n n e r   s u r f a c e  of t h e   s h e l l  

i s  denoted  by W, .  The n e t   s c a l a r   p o t e n t i a l s   i n   r e g i o n s  I1 and 

I11 are  denoted  by W, and W,, r e s p e c t i v e l y .  The equat ions  

a p p r o p r i a t e  t o  each   r eg ion   a r e   t he   fo l lowing :  

Region I: V " ( W , + W ' )  = 0 

Region 11: 

Region I11 : V"W, = 0 

The boundary  condi t ions a t  t h e   s u r f a c e s  of  t h e   s h e l l   a r e   a s  

fo l lows  : 
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I n s i d e   s u r f a c e :  

w ‘+w, = w, 

Outs ide   sur face :  

w, = w, 

Before   so lv ing  t h i s  problem, i t  i s  necessa ry  to see  how t h e  

s c a l a r   p o t e n t i a l  of the  cruciform  magnet  can be obtained  and how 

t h e   p o t e n t i a l   c a n  be re ferenced  to a set  of  a x e s   f i x e d   i n   t h e  

s h e l l .  



3.9 EXPANSION OF THE SCALAR POTENTIAL I N  A SERIES OF SPHERICAL 
HARMONICS 

Since  W ’  i s  a so lu t ion   o f   Lap lace ’ s   equa t ion   i n   t he   r eg ion  

o u t s i d e  o f  t h e  magnet, i t  i s  pos, ; ible  t o  expand W ’  i n  a s e r i e s  

of   spherical   harmonics  wi th  r e s p e c t  t o  a s e t  o f   re fe rence   coord i -  

n a t e   a x e s .  The c o e f f i c i e n t s   o f  t h i s  expansion must be   ob ta inable  

from .the known vector   potent ia l   of   the   magnet .   Also,   the   expan-  

s ion   shou ld   be   i n  a form  which s i m p l i f i e s   t h e   t r a n s f o r m a t i o n  from 

c o o r d i n a t e s   f i x e d   i n  t h e  magnet t o  c o o r d i n a t e s   f i x e d   i n  t h e  s h e l l .  

Le t  x‘, y’,  z ’  denote  a s e t  o f   r ec t angu la r   coo rd ina te   axes  

co inc id ing  w i t h  t he   axes   o f   t he   c ruc i fo rm,   and   l e t   t he   pos i t i ve  

axes  correspond  with the  no r th   magne t i c   po le s .   Cons ide r   f i r s t  

t h e   p o t e n t i a l  W,‘ o f  t he   equ iva len t  bar magnet  along  the z ’  axis .  

Le t  r, Q’, cp‘ d e n o t e   t h e   s p h e r i c a l   p o l a r   c o o r d i n a t e s   o f   a n  a rb i -  

t r a r y   p o i n t  P w i th   r e spec t  t o  t he  x’,  y’, z ‘  axes .   S ince  W: i s  

independent  of cp’ as d i s c u s s e d   e a r l i e r ,  W: can  be  expanded i n  a 

s e r i e s  of  zonal  harmonics P, ( c o s 8 ’ )  on t h e   s u r f a c e ,  r = rl, co- 

i n c i d i n g  wi th  t h e   i n s i d e   s u r f a c e   o f   t h e   s h e l l .  Thus,  for W i  = 

W ; ( r , 4 ’ )  and r = r l ,  

where u ’  = cose’.  According t o  (3.7-14) and (3.7-15) Wz‘ i s  r e l a t ed  

t o  t h e   v e c t o r   p o t e n t i a l  1,‘ by 
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s o  tha t  

?W' 
= - + 

On t h e   s u r f a c e  r = r l J  

n = l  

n = l  
m 

= a,Pl , (u ' )  
n = l  

where  P',(u') i s  an   a s soc ia t ed   Legendre   func t ion   o f   t he  f i rs t  k ind .  

The c o e f f i c i e n t s   o f   t h e   e x p a n s i o n   c a n  be obtained  f rom the known 

func t ion ,  A:,o(rJ9) by  means of t h e  formula,  

The above  formula  follows  from the o r t h o g o n a l i t y   p r o p e r t i e s  

of  a s s o c i a t e d   L e g e n d r e   f u n c t i o n s ;   v i z .  

P; (,u)P;' (u)du=O, n # n '  

-1 

+ 1  

[P: ( U ) ] "  du .= - , .  

2n+l  
- 1  

. .  



Once the  c o e f f i c i e n t s  an of the  zonal   harmonic  expansion  of  

Wi on the  s u r f a c e  r = r1 have been   de te rmined ,   the   spher ica l  

harmonic  expansion  of Wi a t  a l l  po in t s   i n   t he   space ,   b<r<r l ,   where  

b i s  the   l ength   o f   each  arm of   the  cruciform,   must   have the  form, 

w,' = W: (r,A') = 

n=l  

Note that  t h e  s i n g u l a r i t y  i s  p laced  a t  t h e  o r ig in ,   because   t he  

s o u r c e   o f   p o t e n t i a l  i s  e n c l o s e d   b y   t h e   s h e l l .  

Formula (5 )  p r o v i d e s   t h e   n e c e s s a r y   l i n k   b e t w e e n   t h e   v e c t o r  

boundary  value  problem  and the  corresponding  scalar   problem; 

i . e .  the  r e s u l t s   c a n  be ob ta ined   i n   t e rms   o f  known q u a n t i t i e s .  

The a c t u a l   c a l c u l a t i o n   o f   t h e s e   c o e f f i c i e n t s   a p p e a r s   i n  

Appendix A. 

S i m i l a r   e x p r e s s i o n s   f o r   t h e   s c a l a r   p o t e n t i a l s  Wi and W,! of 

t h e  x' and  y' bar magnets   can  be  der ived  using new s e t s   o f   p o l a r  

c o o r d i n a t e s .  By means o f   t h e  biaxial  expansion  theorem  for  

zonal  harmonics,  which i s  s t a t e d   i n  t h e  nex t   s ec t ion ,   each  

p o t e n t i a l   c a n  be e x p r e s s e d   i n  a common r e f e r e n c e   c o o r d i n a t e  

system t o  o b t a i n   t h e   n e t   p o t e n t i a l ,  W' = Wi + W: + W,'. 
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3.10 EXPANSION OF THE SCALAR POTENTIAL WITH RESPECT TO THE AXIS 
OF ROTATION OF THE MAGNET 

I n   t h e   p r e v i o u s   s e c t i o n   t h e   s c a l a r  po ten t ia l  of a c y l i n d r i c a l  

bar magnet was expanded i n  a ser ies   o f   zona l   harmonics  on t h e  

s u r f a c e  r=rl. These  harmonics   are   referenced t o  t h e  axis of t h e  

c y l i n d e r .  By means o f   t h e  biaxial  expansion  theorem*, it i s  pos- 

s i b l e  t o  obtain the expansion of  the  p o t e n t i a l  i n  g e n e r a l  surface 

harmonics   referenced t o  an  arbitrary a x i s   p a s s i n g   t h r o u g h   t h e  

o r i g i n .  The p a r t i c u l a r   a x i s  of  i n t e r e s t  i s  t h e   a x i s  of r o t a t i o n  

of   the   c ruc i form  magnet   re la t ive  t o  t h e   s h e l l .  Fo r  t he  purpose 

of th is  a n a l y s i s ,   t h e   l o c a t i o n  o f  t he  axis o f   r o t a t i o n   c a n   b e  

s p e c i f i e d  by its d i r e c t i o n   c o s i n e s  o r  by the cor responding   angles  

be tween   t he   ro t a t ion  axis and each of t he  axes  of the cruc i form.  

The ind iv idua lexpans ions  f o r  each   equiva len t  bar magnet i n   t h e  

c ruc i fo rm  a re  readi ly  combined t o  g ive   t he   su r f ace   ha rmon ic  

expans ion   o f   t he   ne t   po ten t i a l  W'  with r e s p e c t  t o  , the axis of 

r o t a t i o n .  

According t o  t h e  biaxial expansion  theorem, a zonal  harmonic 

r e f e r r e d  t o  a 8 '  axis can  be  expanded i n  a s e r i e s   o f   s u r f a c e  

harmonies S:(B,cp) r e f e r r e d  t o  ano the r  8 axis which p a s s e s  through 

t h e   o r i g i n   a n d  makes an a n g l e  0 with the 8 '  a x i s ;  i . e .  

where @ i s  the   az imuth   angle  of  t h e  8'axis r e l a t i v e  t o  t h e  8 axis. 

I n   t h e   a b o v e  formula  6," = 1 and 6; = 0 i f  m f 0 .  

*Reference [ 3 ] ,  pp.'154-155. 



To a p p l y   t h e  biaxial  expansion  theorem, l e t  5 ,  q, 5 denote  a 

s e t   o f   r e c t a n g u l a r   c o o r d i n a t e   a x e s   f i x e d   w i t h   r e s p e c t  to t h e   a x e s  

O f  the   c ruc i form  magnet ,   and   le t   the  C axis b e   t h e   a x i s   o f   r e l a t i v e  

motion  between  the  magnet   and  the  spherical   shel l .   Denote   the 

angles   between  the 5 axis and t h e  x’, y’ ,  z’ axes  by @I, , @,, @z , 
r e s p e c t i v e l y .  Also denote   the   az imuth   angles   o f   the  x’, y’, z ‘  

Then t h e   b i a x i a l   e x p a n s i o n   t h e o r e m   g i v e s   f o r   t h e   s c a l a r   p o t e n t i a l  

Wl on t h e   s u r f a c e  r=rl , 

Simi la r   fo rmulas   ho ld  for W: and W; w i t h  0, and i ,  replaced  by 

t h e   a p p r o p r i a t e   a n g l e s  w i t h  r e s p e c t  t o  the   x ’   and  y’ a x e s .  

Then the   spher ica l   harmonic   expans ion  of  W‘ i n   r e g i o n  I 

r e f e a r e d  t o  t h e  5 ,  q, 5 axes  i s  

1 

+ P; (cosBZ  )cosm(cp-+, ) J 
The t e r n s   w i t h i n   t h e   b r a c k e t  may be  combined as fo l lows :  L e t  

unm = P’,(cosO,), B,, = P:(cosB,),and y n m  = P: ( c o s O , ) .  Then 

* 
. The degenera te   cases   cor responding  to O,=O, e t c . ,   a r e   e x c l u d e d  
from t h e   p r e s e n t   d i s c u s s i o n .  
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I . .  

L e t  

0, , - - ana ~ o s m b . ~  f 8,. cosmb, + y , , c o ~ r n @ ~  (5 )  

T,, = a,,sinm@, + B,,sinm@, + y n a  sinm@, ( 6 )  

e , ,  = tan-l(Tn,/a,. ) (7 1 
Then 

una cosm(rp-@, ) + B,, cosm(cp-~, ) + y n m  cosm(cp-@, ) 

s o  that  

F i n a l l y ,  i t  i s  a s imple   mat te r  to expres s  W’ i n  a coord ina te  
s y s t e m   f i x e d   i n   t h e   s h e l l .   L e t  x, y, z be a s e t   o f   r e c t a n g u l a r  
c o o r d i n a t e   a x e s   f i x e d   i n   t h e   s h e l l ,   s u c h  tha t  z = 5. If t h e  
r o t a t i o n   o f   t h e  magnet i s  measured  by  the  angle  JI t ha t  t h e  5 a x i s  
makes w i t h  t h e  x ax i s ,   t hen   t he   expres s ion  for W’ r e l a t i v e   t o   t h e  

x, y, z axes i s  obta ined  from ( 9 )  w i t h  c p + r p + $ .  

x cosCm(ro+~)-c.. 1 (10) 

I n  (10)  qy i s ,  measured  from  the x a x i s .  For s t e a d y   r o t a t i o n ,  $=at .  

It i s  a p p a r e n t   t h a t   t h e   a b o v e   r e s u l t  i s  i n  a form t h a t  i s  

p a r t i c u l a r l y   c o n v e n i e n t  for f u r t h e r   a n a l y s i s .  A s e t  o f  c o e f f i c i e n t s ,  

a , , ’ w h i c h   c h a r a c t e r i z e   t h e  magnet i s  computed  from (3.5-5).  These 

c o e f f i c i e n t s  depend  only on the   pa rame te r s  of t h e  magnet  and abe 



s h e l l  and a re   i ndependen t  of  t h e   r o t a t i o n .  The q u a n t i t i e s  c r n a ,  

T n n  3 and E,, a r e   e x p r e s s e d   i n   t e r m s  o f  t h e   a n g l e s  GI,, Oy, O z ,  

Q x ,  Q y ,  and + z ,  which r e l a t e   t h e   a x i s  o f  r o t a t i o n  to t h e   a x e s  

o f   t he   c ruc i fo rm.  The 0 coord ina te  i s  i n v a r i a n t   u n d e r   r o t a t i o n  

about   the  5 axis, and t h e   a n g l e  $ w h i c h   d e s c r i b e s   t h e   r o t a t i o n  

i s  contained in on ly  one f a c t o r  of each  term in t h e  summation. 

Thus, when $ i s  dependent upon t ,  it i s  a s imple   ma t t e r  t o  com- 

p u t e   t h e   t i m e   d e r i v a t i v e .   F u r t h e r   a n a l y s i s  t o  e l i m i n a t e   t h e  

azimuth  angles  @,, P y ,  and @ z  from t h e   q u a n t i t y ,  gm + T : ~  i s  

p r e s e n t e d   i n  Appendix B. 



I - .- 

3.11 STEADY-STATE SOLUTION OF THE BOUNDARY VALUE PROBLEM FOR 
THE SCALAR POTENTIAL 

Enough t h e o r y   h a s  now been  developed  to   enable   the  boundary 

v a l u e   p r o b l e m   f o r   t h e   s c a l a r   p o t e n t i a l   t o   b e   s o l v e d   f o r  a s p e c i f i e d  

r o t a t i o n  of  the   c ruc i form  magnet .   This   sec t ion  will be   devoted   to  

o b t a i n i n g   t h e   s t e a d y - s t a t e   s o l u t i o n   f o r   t h e   c a s e ,  $=Qt i n  t h e  

express ion  (3.10-10) f o r  W ' .  

It w i l l  b e   conven ien t   t o  u s e  p h a s o r   q u a n t i t i e s   i n   t h e   s u b s e -  

quen t   ana lys i s .  A phasor  w i l l  be   denoted  by  an  inverted  c i rcumflex 

v and  the  complex  conjugate  phasor will be  denoted by the   c i rcum- 

f l e x  A .  * 

The s o l u t i o n   f o r  a g e n e r a l   t e r m   i n   t h e   e x p a n s i o n   o f  (3.10-11) 

w i l l  be   de r ived ,   and   t he   so lu t ion   fo r   t he   comple t e   expans ion   o f  

W '  can  then  be  obtained by s u p e r p o s i t i o n .  

Deno te   t he   gene ra l   t e rm  in   t he   expans ion   fo r  W '  by 

where   the   phase   angle  E,, of(3.10-11) has  been  absorbed by t h e  

complex c o e f f i c i e n t  An, . The above  expression may b e   w r i t t e n   i n  

t he   equ iva len t   fo rms  

V 
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The  problem i s  to s o l v e  
V 

i n   r e g i o n  I1 ( P ~ S P ~ P , )  s u b j e c t  t o  t h e  inhomogeneous,  time-varying 

boundary   condi t ions  a t  r=r,, 
V V V 
w;m + w, = w, 

and   the  homogeneous  boundary  conditions a t  r=r2, 
V V 
w, = w, 

V V 
The p e r t u r b i n g   p o t e n t i a l s  W1 and W, must s a t i s f y   L a p l a c e ' s  

e q u a t i o n   i n   r e g i o n s  I and 111, r e s p e c t i v e l y ;   i . e . ,  

V 
For t h e   s t e a d y - s t a t e   s o l u t i o n   a s s u m e   t h a t  W, = V,e i m n t  

for j=1,2,3. The above  equat ions  reduce as follows: 
V V 

v2V2 - X",, = 0 , rl IPS, 

A t  P=P, 
V V V 
v,, + v, = v, 

V V & %[.(vnn + v;)] = 1 u1 "(rv,) a r  
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A t  r=r, , 
V V 
v, = v, 

Also, 
V 

V"V1 = 0 0srsrl 

v2v3 = 0 r 2r2 
V 

V V 

Consider  first  the  equation (12) f o r  V,. Assume  that V2 = 
V V 
Q ( r )Q  ( e , c p ) .  In spherical  polar  coordinates, 

where 

V 
Substitution for V, in (12) yields  the  following  two  separated 

equations for the  radial and angular  factors: 
V V 

and 
V V V 

where K, is the  separation  constant. For K1 = , N(N+l), where N 

IS a positive  integer,  equation (15) defines Q, t o  be a surface 
- ' .v 

harmonic of degree N and  order M; i. e., 
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where M i s  a n   i n t e g e r  less  than  o r  equal  t o  N .  F o r   e a c h   p a i r  o f .  

i n t e g e r s  N, M, t h e   a r b i t r a r y   c o n s t a n t  hM i s  eva lua ted   f rom  the  

boundary   condi t ions .   S ince   the   on ly   inhomogeneous   t e rm  in   the  

boundary   condi t ions   conta ins  a surface  harmonic,  S: ( R,cD)., 

as  seen  from ( 1 4 )  and (4), t he   app ropr i a t e   va lues   o f   N-and  M a r e  

V 

N=n and M=m. Thus ,  

V v v  V 

& = Bn.S;(0,cp) = B,,P:(cose)e imcp 

V 
The e q u a t i o n   f o r  R, i s  now 

V 

Let  z=X,r. Then (26)  becomes 

V V 

Z2 

T h i s  i s  a m o d i f i e d   s p h e r i c a l   B e s s e l   e q u a t i o n  i n  t h e  complex 

domain ( z = I  X, 1 r e  Two l i n e a r l y   i n d e p e n d e n t   s o l u t i o n s   a r e  

the   mod i f i ed   sphe r i ca l   Besse l   func t ions   o f   t he  f i r s t  k i n d  

and  the  second  kind,  

The s i n g u l a r i t i e s   o f  < , ( z )  and q,(z)  occur  at z=O and z=m. 

A gene ra l   so lu t ion   o f  ( 2 7 )  which i s  r e g u l a r   i n   t h e   i n t e r v a l  

r1 <rsr2 i s ,  t h e r e f o r e ,  



V v v  V v v  
where C,, = C,B,, and D,, = D,B,, , 

V V 
The solutions of Laplace's  equation f o r  V, and V, are spherical 

harmonics. In the  region 0<rsrl, the  harmonic  has  the  form 

This harmonic is regular at the  origin,  corresponding  with 

the fact  that  the  source of potential is exterior to the  region 

Osrsrl. In region 111, rx?,, the  harmonic  should  be  regular at 

r = m ,  since  the  source of potential is within  region 11, r l < r < G .  

V 

Note that  the  radial  part  of V, is normalized  with  respect to r a .  
V V V 

There are now four arbitrary  constants, C ,  , , Dn , , E, , and 
F,, which  must be evaluated. These can be determined  from  the 

four boundary  conditions. 

V 

Substituting (4), (31),  and ( 3 2 )  into (14) and  canceling 

Pt(cos0)e yields f o r  r=r,, i mrD 
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where z1=~,r~. .Since  pl=g2=po, substituting (4), (31), and ( 3 2 )  

into (15) yields for r=rl, 

where  the  primes  denote  the  derivative  with  respect to z. The 

boundary  conditions (16) and (17) give  the  following  two  relations 

Equations (34),  (35), (36), and ( 3 7 )  can now be solved  simultane- 

o u s l y  f o r  the four unknown constants, 
V 

First eliminate E,, from (34) and (35)  by multiplying  each 

term in (34) by n and  then  subtracting (35). Thus, 

V V 

Before  solving (38) and (41) f o r  C,, and D,,, it is possible 

t o  simplify  the  coefficients  considerably  by  using  the  following 

recurrence  relations for the  modified  spherical  Bessel  functions.: 

-2 fn(z) + -& = f (z) df z) 
Z +1 

where f ,  ( 2 )  = 5 ,  (z) o r  ?l,(z). 



A n e c e s s a r y  and s u f f i c i e n t   c o n d i t i o n  for t h e s e  two equa t ions  to 
V V 

have a unique   so lu t ion  f o r  C,, and D,, i s  t h a t  

Assuming tha t  t h i s  cond i t ion  i s  s a t i s f i e d * ,   t h e   s o l u t i o n s   f o r  

C,, and D,, a r e  as follows: 
V V 

The two remain ing   cons tan ts ,  En, and F,,, can now be  determined. 

From ( 3 4 )  

This  formula   can   be   s impl i f ied   by  means of  ano the r   r ecu r rence  

r e l a t i o n   f o r   < , ( z )  o r  q n ( z ) ;  v i z .  
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I 

where f n ( z )  d e n o t e s   e i t h e r   o f  t h e  two f u n c t i o n s ,  5, ( 2 )  o r  qn ( z ) .  

Using   t he   no ta t ion   o f  ( 4 4 )  

F i n a l l y  from (36 ), 

T h i s  comple t e s   t he   eva lua t ion  of t h e   c o n s t a n t s .  
V 

The p o t e n t i a l  o f  main i n t e r e s t  i s  W 2 ,  s i n c e   t h e   e d d y   c u r r e n t s  
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V 
The solution  for the  .complete expansion  of W, is finally 



3.12 DERIVATION OF THE  STEADY-STATE  VECTOR  POTENTIAL 

The v e c t o r   p o t e n t i a l   i n   r e g i o n  I1 cor re spond ing   t o   s t eady  

r o t a t i o n  of  t h e   c r u c i f o r m   m a g n e t   r e l a t i v e   t o   t h e   s h e l l  i s  ob ta ined  

from W2 . The coord ina te   sys tem  (x ,y ,z )  i s  a g a i n   f i x e d   i n   t h e   s h e l l  

such tha t  t h e  z a x i s  i s  t h e   a x i s   o f   r o t a t i o n  of the  magnet .  The 

r equ i r ed   fo rmula   fo r  3, i s  g i v e n b y  (3.6-15) w i t h  appropr i a t e   changes  

i n   n o t a t i o n ;   i . e . ,  

It will be  convenient to r e t a i n   t h e   p h a s o r   r e p r e s e n t a t i o n  of 

q u a n t i t i e s   i n t r o d u c e d   i n   s e c t i o n  3.11. From (3.11-57) t h e , b a s i c  

term i n  W2 i s  
V 

Next, i m ( Q + n t )  
a e  

The de r iva t ive   can   be   expres sed   i n   t e rms  of  assoc ia ted   Legendre  

f u n c t i o n s  o f  o r d e r  m as fo l lows:  

where u=cospI. Us ing   the   recur rence   formula   in   m, for   assoc ia ted  

Legendre  funct ions,  



Using   t he   no ta t ion  
V V V 
X 2 = E A  + E A ,  e 2 e  v v  

V V 

t hen   t he   gene ra l   t e rms  f o r  and A, a r e  a s  fo l lows:  
cl, 

V 
The  complete  expression for A, i s  o b t a i n e d   b y   s u b s t i t u t i n g  ( 1 2 )  

and ( 1 4 )  i n t o  (10)  and summing over  m and  n;  however, t h i s  s t e p  

will be   de le ted  for t he   s ake  o f  b r e v i t y .  
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3.13 DERIVATION OF THE STEADY-STATE EDDY CURRENT DENSITY 

According  to  (3-.4-7), t h e   e d d y   c u r r e n t   d e n s i t y  3 i n   t h e   s h e l l  

i s  g iven   by  

where A2 i s  t h e   v e c t o r   p o t e n t i a l  f o r  qsrs2,  and p i s  t h e  volume 

r e s i s t i v i t y .   C o n t i n u i n g  w i t h  t h e   u s e  o f  p h a s o r   q u a n t i t i e s  and 

s u b s t i t u t i n g   t h e   g e n e r a l   t e r m  Of t h e   s e r i e s   e x p a n s i o n  of a i n t o  
V 

(1) g i v e s   t h e   f o l l o w i n g   r e s u l t s :  
V V V 

The  summations over m and n a r e   o m i t t e d .  
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3 . ~ L C  "_ DERIVATION OF THE MAGNETIC FIELD INDUCTION 

The next  task is to  derive  the  steady-state  magnetic  field 

induction jg, in region 11, corresponding to steady  rotation of  

the  magnet,  from  the known potential W2. This is accomplished 

with the'aid of  formulas  [3.6-21).and (3.6-22) f o r  the  radial and 

tangential  components of  b,  respectively.  With  appropriate 
changes  in  notation,  (3.6-21)  beoomes 

. .  

according to (3.11-23) with K, = n(n+l) 

V 
= -n(n+1)W2 

Substituting  into (1) 
V - V 

B2 P = r n(n+l)~, 

- V 

= % n(n+l)Kn,An  ,,-,(z,z2)P;(u)e  im( p o t  ) 
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Since   the   second scalar p o t e n t i a l   d i s c u s s e d   i n   S e c t i o n  3.6 i s  

zero, (3.6-22) becomes 

where z = h , r ,  and t h e   p r i m e   d e n o t e s   t h e   d e r i v a t i v e  w i t h  r e s p e c t  

to z .  B u t  

Using  (3.11-42),  

x P ; (u )e  i m ( r p + R t )  

Combining ( 2 )  and (15) y i e l d s  
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Finally, 

The complete  expressions f o r  the  components of % are obtained 
by summing ( 8 ) ,  (20) and (21) over m and n. 
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3.14, DERIVATION OF THE TORQUE FOR A STEADY.ROTATION.OF THE MAGNET , '  

I n   s e c t i o n  3.3, i t  was s t a t e d  t ha t  t h e   f o r c e  ? exe r t ed  on an 

e lementa l  volume of a conductor   in   which  t h e  c u r r e n t   d e n s i t y  i s  

j. and  the   magnet ic   induct ion  i s ,  B i s  

Expressing J and B, i n   t e r m s  o f  t h e i r  components i n   t h e  r, 9, and 

cp d i r e c t i o n s  

B, = e, B,, + e B, -t T! B, Q e  m c p  

o b t a i n  

f = -JOB,, 
rp 

These   forces  on the   e l emen ta l  volume produce  torques about t h e  

x, y, and z a x e s   f i x e d   i n   t h e   s h e l l .  

The to rque   abou t   t he  z axis, d u e  t o  t h e   f o r c e  ?? a c t i n g  on 
rp 

t he   e l emen ta l  volume dV i s  

n, = r s i n  9 = -r s i n  8 J B,, ( n t  - m-2) 
frp 

8 (7 1 

N e i t h e r  7 n o r  7, c o n t r i b u t e   a n y   t o r q u e  about t h e  z axis .  Now 
V V e 

i n  terms of t h e   p h a s o r   q u a n t i t i e s ,  Jg  and %,, corresponding to 

s t e a d y   r o t a t i o n  o f  the  magnet,  
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V 
Je = Re{Je] 

Also, 

Thus, 

The n e t  torque abou t   t he  z axis   due  to t h e   f o r c e s  on a l l   e l e -  

mental  volumes i s  ob ta ined  by i n t e g r a t i n g  (11) over   t he  volume 

o f  t h e   s h e l l :  
r2 TT 21-r 

N, =l n, d V  = 1 n,r=2 sin8dcpdQdr ( n t  - m) (12) 
1 

Consider  f i rs t  t h e   i n t e g r a l   o v e r  cp. 
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F o r  m and 4 p o s i t i v e   i n t e g e r s ,   t h e   v a l u e  of I i s  z e r o   u n l e s s  

m=d . Then 
0 

Thus,  t e r m s   i n  (11) for &#m a r e   z e r o .  Nex t   cons ide r   t he   i n t eg ra l  

over  8 .  
i-r 

I, =d P; (cos8 )Pf (cosQ)s inede  

=/:%;(u)P! ( u ) d u  

For kfn ,  Io = 9. F o r  k=n 

rp: ( u ) ] " d u  = - 2 (n+m)! 2nt-1 

Hence, only  terms for which 4 = m  and  k=n  remain i n  (ll), and ( 1 4 )  

g i v e s  I = 2n. 
Cp 

The l a s t  i n t e g r a l  t o  be   eva lua ted  i s  

where z=X,r ,  and  where the  a s t e r i sk   deno tes   t he   complex  con- 

juga te .   Th i s   i n t eg ra l   can   be   eva lua ted   by  means of  formula ( 2 1 )  

I 



d e r i v e d   i n  Appendix C ,  s i n c e  A , , ,  n - l  ( z , z 2 )  s a t i s f i e s   t h e   c o n d i t i o n s  

on u , , (Xr , r )  and s i n c e  v n ( X m r Y X )  = u n ( X r y X ) .  The r equ i r ed   fo rmula  i s  

repeated  below f o r  convenient   re fe rence .  

Thus,  

s i n c e  A , - l y n - , ( z 2 , z 2 )  = 0 .  Now s u b s t i t u t e  (14), (16), and (19) 

i n t o  (11) and ( 1 2 ) .  The result i s  



T h i s   f o r m u l a   e x p r e s s e s   t h e   t o r q u e   i n  terms o f   t h e   q u a n t i t i e s ,  

a n  which  character ize   the  cruciform  magnet ;  C J ~ ~ + T % ~ ,  which  depends 

on t h e  l o c a t i o n   o f   t h e  axis  o f  r o t a t i o n ;  and t h e  complex func t ions ,  

noYn- l (z1 ,z2  1 9 An-lyn-l(z1,z2 1 and  An+lyn-1(z1,Z2) of  t h e  dimen- 

s i o n l e s s  complex  numbers z1 and z g ,  which a re  p r o p o r t i o n a l   t o   t h e  

i n n e r   a n d   o u t e r  r a d i i  o f  t he   coppe r  s h e l l  r e s p e c t i v e l y .  



3.16 APPROXIMATE RESULTS FOR THE CASES OF SLOW DAMPER ROTATION AND 

- 

W i t h i n   t h e   l i m i t a t i o n s  o f  t h e   t h e o r e t i c a l  model  assumed f o r  

t h e  damper, t h e   . d e r i v a t i o n  of t he   fo rmula  f o r  t h e  damping  torque 

was performed  without  approximations.  For t he   pu rpose  of evalu-  

a t i n g   t h e  damping torque   produced   under   normal   opera t ing   condi t ions  

and p r a c t i c a l  damper c o n f i g u r a t i o n s ,  i t  will now be  convenient t o  

i n t roduce   ce r t a in   app rox ima t ions   i n   t he   exac t   fo rmula  (3.15-24). I n  

p a r t i c u l a r ,   c e r t a i n   a p p r o x i m a t i o n s   a r e  v a l i d  when t h e   r a t e   o f   r e l a -  

t i v e   r o t a t i o n  is s u f f i c i e n t l y   s l o w ,   c o r r e s p o n d i n g   t o   s a t e l l i t e  li- 

b r a t i o n   p e r i o d s  of s e v e r a l   h o u r s ,  and f o r   t h i n   c o n d u c t i n g   s h e l l s  

t ha t  a r e   a c t u a l l y  used  i n  the f a b r i c a t i o n  of p r a c t i c a l  dampers. 

where m i s  a p o s i t i v e   i n t e g e r .  Assuming rapid  convergence of 

t h e   s e r i e s   i n  m ,  a l l  t e r m s   f o r  m>10, say,  will b e   n e g l i g i b l e .  

I f  the   conduct ing  she l l  i s  pure  copper,  

* For convenience  assume RrC). 
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R = 1 .74  x ( r ad / sec )  (4) 

Thus, for m 2 10, \X,! I 1.13 ( m - l ) .  F o r  a p r a c t i c a l   s i z e d  damper 

r, .l(rn), so t h a t  Iz! 5 0.113, and !z[<<l. I n c r e a s i n g   t h e  

s h e l l  r e s i s t i v i t y  o r  t h e   p e r i o d  o f  damper r o t a t i o n   h a s   t h e   e f f e c t  

o f   reducing  !x,! and lzl . .  s t i l l  f u r t h e r .  

Cons ider   the   expans ions  o f  s , ( z )   a n d  r l n ( z )  i n   a s c e n d i n g  

These   asymptot ic   formulas   y ie ld   va lues   o f  en( . )  and q , ( z )  a c c u r a t e  

to about  1% f o r   l z l  5 0.1, a n d   t h e   n a t u r e   o f  t h e  formulas  i s  such 

tha t  a g r e a t l y   s i m p l i f i e d   t o r q u e   f o r m u l a   c a n   b e   d e r i v e d .  

For z = xe  and z<<l: - i n 4  
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x [. -($)=I 
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Next t h e  asymptotic form of I A n + l ,  .-, 1 "  w i l l  be determined for 

z = - xe  and z<<1. 

Note t h a t  (z, ,z,)!">O  and  the  existence  condition (3.11-QQ) 

i s  s a t i s f i e d  when %<1. 

s ince  x . =  I1,Ir. Now s u b s t i t u t e  t h i s  resul t   in   formula  (3 .15-24)  

for   the   to rque   and  also s u b s t i t u t e   t h e   r e s u l t s  o f  Appendices A, 

-B, and E i n   o r d e r   t o   o b t a i n   t h e   p a r a m e t r i c   r e l a t i o n s h i p s   e x -  

p l i c i t l y .  The r e s u l t  i s  t h e  following: 



where 

Finally, f o r  the  case of a  thin  conducting  shell  a  slight 

additional  simplification  is  obtained. For Ar = r2-rl<crl, 
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and 

( n  odd) 

Formulas (16 )  and ( 2 2 )  have  the  form, N, K R R, where KO 

i s  t h e  damping c o e f f i c i e n t .  

where 

i s  a d i m e n s i o n l e s s   f u n c t i o n   o f   c e r t a i n   g e o m e t r i c a l   r a t i o s   a n d  

t h e   d i r e c t i o n   c o s i n e s   o f   t h e   a x i s   o f   r e l a t i v e   r o t a t i o n .   N o t e  

t h a t  K i s  p r o p o r t i o n a l  t o  t he   squa re   o f   t he   magne t i za t ion  M and 

i s  i n v e r s e l y   p r o p o r t i o n a l  to t h e   r e s i s t i v i t y  p .  Also  KQ i s  pro-  

p o r t i o n a l   t o   t h e  f i f t h  power  of t h e  damper r a d i u s ,  r2, f o r   f i x e d  

geomet r i ca l   r a t io s .   Sample   ca l cu la t ions   have  shown tha t ,  i n  gen- 

e r a l ,   t h e   v a l u e  of S v a r i e s   c o n s i d e r a b l y  when ux ,  u y ,  uz a r e  

va r i ed ;   however ,   i n   t he   nex t   s ec t ion  i t  w i l l  be shown t h a t ,  f o r  

R 



o r b i t a l   o p e r a t i o n ,   t h e   a x i s  of r e l a t i v e   r o t a t i o n  i s  confined 

t o  a Cer ta in   p lane   which  i s  f i x e d   r e l a t i v e   t o   t h e   a x e s  of t h e  

magne t   a s sembly .   In   t ha t   pa r t i cu la r   p l ane ,   t he   va lue  of s i s  

a p p a r e n t l y   c o n s t a n t .  

59 



3.17 K1:MEMATICS OF MAGNETICALLY  ANCHORED ~~ EDDY - C U R m N T  ~ . _  DAMPER ” . . ” 

T h e   p r e v i o u s   a n a l y s i s   o b t a i n e d  t h e  to rque   co r re spond ing  to 

a s p e c i f i e d   r e l a t i v e   r o t a t i o n   b e t w e e n  t h e  magnet assembly and t h e  

c o n d u c t i n g   s h e l l .  When the  damper i s  f u n c t i o n i n g  on a n   o r b i t i n g  

s a t e l l i t e ,  t h e  o r i e n t a t i o n  of  the  magnet  assembly  depends  on t h e  

d i r e c t i o n  of t h e  e a r t h ’ s  m a g n e t i c   f i e l d   a n d   t h e   r o t a t i o n   o f   t h e  

s h e l l .  The ax is  a n d   r a t e   o f   r e l a t i v e   r o t a t i o n   a r e  unknown a 

p r i o r i .  The purpose o f  t h i s  s e c t i o n  i s  to i n v e s t i g a t e  t h e  k ine-  

m a t i c s  o f  the   magnet   assembly   and   the   to rque   cor responding  to a 

s p e c i f i e d   r o t a t i o n  of t h e  s h e l l   i n   i n e r t i a l   s p a c e   a n d  a s p e c i f i e d  

e a r t h ’ s  m a g n e t i c   f i e l d   v e c t o r .  

The fo l lowing   a s sumpt ions   a r e  made i n   t h e   a n a l y s i s  o f  t h i s  

s e c t i o n :  

1. A v i scous  damping to rque  i s  ob ta ined  

2.  Def l ec t ion  o f  t h e   n e t   m a g n e t i c   d i p o l e   f r o m   t h e   d i r e c t i o n  

o f  t h e   e a r t h ’ s   m a g n e t i c   f i e l d  i s  l e s s   t h a n  90’. 

3. The  magnet i n e r t i a l   t o r q u e  i s  n e g l i g i b l e  compared w i t h  

t h e  magnet ic   res tor ing   to rque   and   the   damping   to rque .  

Under t h e  l a s t  assumption  the  magnet i s  a l w a y s   i n  a p o s i t i o n  

such tha t  t h e  a p p l i e d   t o r q u e s   a r e   i n   e q u i l i b r i u m .  

Denote   the   to rque   exer ted  on the  magnet  due to t h e   r e l a t i v e  

r o t a t i o n  of t h e   s h e l l   b y  R, . 
- 
N, = K ( w , - w ,  ) (nt-m-see) R (1) 
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where Kn i s  t h e  damping c o e f f i c i e n t ,  w, i s  t h e  a b s o l u t e   r o t a t i o n  

v e c t o r  o f  t h e  s h e l l ,  and ii, i s  t h e  a b s o l u t e   r o t a t i o n   v e c t o r  o f  

the   magnet .   The   res tor ing   to rque  x,, due to t h e   m a g n e t i c   f i e l d  

o f  t h e  ear th  i s  g iven  by 

- 

m, = f i x 8  ( 2 )  

where fi i s  t h e   n e t   d i p o l e  moment of  the  magnet  assembly,  and 

i s  t h e   i n t e n s i t y   o f   t h e   e a r t h ' s   f i e l d  at t h e   l o c a t i o n   o f   t h e  

s a t e l l i t e .  The d i p o l e  moment fi i s  d i r e c t e d   a l o n g  a l i n e  which 

h a s   e q u a l   d i r e c t i o n   c o s i n e s  w i t h  t h e   t h r e e  N p o l e s  of t h e  magnet 

assembly.  For equ i l ib r ium,  

C l e a r l y   t h e   r e l a t i v e   r o t a t i o n   v e c t o r ,  h i ,  i s  normal t o   t h e   p l a n e  

of   the   magnet   d ipole   vec tor   and   the  e a r t h ' s  m a g n e t i c   f i e l d   v e c t o r .  

It will be assumed t h a t  is and R a r e  known s t a t i o n a r y   v e c t o r s  

f o r   t h e   p u r p o s e   o f   t h e   p r e s e n t   a n a l y s i s .  From ( 3 )  i t  fo l lows  

and 

N 3 w  take t h e  t i m e   d e r i v a t i v e   o f   b o t h   s i d e s  of ( 3 )  w i t h  r e s p e c t  

to a r o t a t i n g   r e f e r e n c e   c o o r d i n a t e  frame f i x e d   i n   t h e  s h e l l *  

*Reference C5], pp. 132-133. 
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For is s t a t i o n a r y   i n   t h e  s h e l l  and a f i x e d  r a t e  o f   r o t a t i o n ,  

(dw, /d t ) ,  = 0 .  Also ,  

where   t he   subsc r ip t  m denotes  t h a t  t h e   d e r i v a t i v e  i s  taken  in 

a coordinake  f rame  f ixed  in   the  magnet   assembly.   Next ,  

s i n c e  r i  i s  f i x e d  w i t h  r e s p e c t  to t h e  magnet   axes .   F ina l ly ,  

S u b s t i t u t i o n  o f  ( 7 ) ,  ( 8 ) ,  and (9) i n t o  ( 6 )  g i v e s  

-KO d t  
- ( w , . r n ) R + ( i ,  . W > r n  = - - [n?R-(m.H)m] x R 

Kn 

+ mx(i,xR) 
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I 

- (i*u), ) R  f ( i . R ) Z ,  

= -(i, *R)i + ( t i i 4 )  (e + is) 

= -(Wm .R)i f ( i - R ) i ,  
- -  =-R x (mxw, ) 

Formulas ( 5 )  and (1) were used i n  t h e  d e r i v a t i o n   o f  (11). Now 

t a k e  t h e  i n n e r   p r o d u c t  of  (dw, /d t ) ,  w i t h  n .  

Thus,  e i t h e r  ( d i , , / d t ) .  = 0 or (dw, /d t ) ,  i s  or thogonal  t o  R .  

Suppose ( d i m   / d t ) ,  = 0 .  According t o  (11) and (4), 

2 .  e . ,  w, and 6 a r e  collinear v e c t o r s .  
- 

Enough i n fo rma t ion  i s  now a v a i l a b l e  to permi t  a geometr ica l  

i n t e r p r e t a t i o n  of  t h e   a n a l y s i s .  The f o l l o w i n g   p o i n t s   a r e   n o t e d .  

1. The r e l a t i v e   r o t a t i o n   v e c t o r  A i  i s  p e r p e n d i c u l a r  to t h e  

p l a n e  o f  w and ii. 

2 .  The p r o j e c t i o n s  o f  i, and i, on i o r  n a r e   e q u a l .  

3. w, i s  c o l l i n e a r  wi th  6 - 



F i g u r e  1 shows t h e   a b o v e   r e l a t i o n s h i p s   f o r  w,. B>O, and i,.R<O. 

Although ALII and a are y e t  unknown, e lementary   geometry   ind ica tes  

that  t h e   t i p  of must l i e  on a s e m i - c i r c l e   w h i c h   i n t e r s e c t s  

t h e   t i p s  of  w, a n d   t h e   p r o j e c t i o n   o f  ciu', on g .  The  component of 

w, normal t o   c o i n c i d e s  w i t h  t h e   d i a m e t e r   o f   t h e   s e m i - c i r c l e .  
- 

The l o c a t i o n  o f  I% on t h e   s e m i - c i r c l e  i s  determined from 

formula (1). With r e f e r e n c e   t o   F i g u r e  1 ,  

and ( A w ) "  = b" - c" 

where e ,  i s  a un i t   vec to r   a long   and  T = mH/K 
h2' 

. .  ( A W ) "  = wz - a" - a" t a n 2 a  = W: - a" sec"a (18) 

Squaring Aw i n  (16)  and e q u a t i n g   t h e   r e s u l t  w i th  (18) g i v e s  

T 2 ( l - c o s 2 a )  = w: - a 2 s e c 2 a  

or cos4, + (2  - 1 ) c o s " a  - Z" = o 

The p o s i t i v e   s q u a r e   r o o t  i s  taken so  t h a t  w,=O+a=O. A f t e r  

f u r t h e r   m a n i p u l a t i o n ,  

64 

I 



I 

a = C O S  2 - 2 + (1 + 2 3 ~ 0 ~ 2 6  + 

F i g u r e  2 is a graph of a v s .  w, with  B as a parameter .  It 
N 

i s  Seen tha t  the   magne t i c   d ipo le  remains captured  (a<90°) b y   t h e  

e a r t h ' s   m a g n e t i c   f i e l d   f o r  a l l  a n g l e s  8 except  O=90°, r e g a r d l e s s  

of t h e   a b s o l u t e  r a t e  o f  r o t a t i o n  of t h e   s h e l l .  For f3=90°, t h e  

d i p o l e   d e f l e c t i o n   a n g l e  a i s  l e s s  than  90' f3r zs<l .  The case ,  

w, >1 and 0=90 , will not  be cons ide red   i n  t h e  p r e s e n t   a n a l y s i s .  

I n  t h i s  ca se   (d im  /d t ) ,  # 0,  b u t  (dGm/dt)m s f i  = 0. 

N 0 

Figure  3 shows t h e  va lue  of AG as a func t ion   of  z, w i t h  P 

as a parameter .  For 0 = 90 , A; = IU, , if z, < 1. For 6 # goo, 

t h e   v a l u e  of A; i n c r e a s e s   r a p i d l y   w i t h  G, f o r  zs < 1 and  then 

approaches   t he   va lue ,   s in  6 ,  a s y m p t o t i c a l l y   f o r   l a r g e  Zs . 

0 N 

The normal  behavior  can now be e x p l a i n e d   i n   g r e a t e r   d e t a i l .  

F o r  a f ixed  va lue  o f  a ,  a n   i n c r e a s e   i n  w s  causes  im to move away 

from R and  towards i,. With   a l lowance   fo r   t he   change   i n   s ca l e ,  

due to t h e   i n c r e a s e d   l e n g t h  of t h e  t i p  of i, l i e s  on a new 

s e m i - c i r c l e  o f  l a r g e r  r a d i u s  which i n t e r s e c t s   t h e   t i p s   o f  %, and 

t h e  p r o j e c t i o n   o f  i, on R .  Thus bo th  a and ~w a re  inc reased ,  

a l though Aw i s  n o t   p r o p o r t i o n a l   t o  w,. It i s  c l e a r   f r o m   e i t h e r  

F igu re  1 or 2 t h a t  as  ;,-)my a-)B ( !.3<90° ) o r  a-+18P0-6 (9oo<!.3<18o0 ) . 



F i g u r e  1 shows t h a t   t h e   m a g n e t i c   d i p o l e  i s  f i x e d   r e l a t i v e   t o  

the   magnet ic  f i e l d  of t h e   e a r t h  and t o  t h e   a b s o l u t e   p o t a t i o n  

v e c t o r  of t h e   s h e l l .   S i n c e   t h e   a b s o l u t e   r o t a t i o n   v e c t o r  of t h e  

magnet co inc ides   w i th   t he   d ipo le   ax i s ,   t he   a rms  of t he   c ruc i fo rm 

r o t a t e   a b o u t   t h e   d i p o l e  axis a t  a r a t e  wm corresponding to t h e  

p r o j e c t i o n  of i~, on m .  The a x i s  of r e l a t i v e   r o t a t i o n   b e t w e e n  

damper p a r t s  i s  s t a t i o n a r y   r e l a t i v e  to w, and E, bu t   appea r s  to 

r o t a t e   r e l a t i v e  to t h e   a x e s  of  t h e  magnet i n  a p lane   no rma l   t o  

t h e   d i p o l e   a x i s .  With r e s p e c t  to a x e s   f i x e d   i n   t h e   s h e l l ,   t h e  

a x i s  o f  r e l a t i v e   r o t a t i o n   a p p e a r s  to precess   a round is. 

- 

The motion just desc r ibed  i s  obta ined  if t h e  damping to rque  

i s  given  by (1). Unless R=O', goo, or 180°, the   motion i s  

c o m p l i c a t e d   b y   t h e   f a c t   t h a t   t h e   a x e s  of a b s o l u t e   r o t a t i o n  of 

t h e  magnet   assembly  and  the  shel l   do  not   coincide,  so t h a t   t h e  

a x i s  of  r e l a t i v e   r o t a t i o n   p r e c e s s e s   i n   t h e   d a m p e r .  I f  t h e   r a t e  

o f   p r e c e s s i o n  i s  l a r g e ,  i t  i s  n o t   c l e a r  t ha t  a v i scous  law 

a c c u r a t e l y   d e s c r i b e s   t h e   t r u e   n a t u r e  of  the  damper.  Also, it 

i s  ques t ionab le  to use   t he   va lue  of  Kn c o r r e s p o n d i n g   t o   r o t a t i o n  

about  a f i x e d   a x i s ,   p a r t i c u l a r l y   s i n c e  Kn i s ,  i n   g e n e r a l ,  a 

f u n c t i o n   o f   t h e   d i r e c t i o n   c o s i n e s   o f   t h e   a x i s .  

From cons ide ra t ion   o f   F igu re  1, i t  i s  a p p a r e n t   t h a t   p r e -  

c e s s i o n   o f   t h e   a x i s   o f   r e l a t i v e   r o t a t i o n  i s  most  r ap id  f o r  8 

n e a r  0' or 180°, b u t  on   t he   o the r   hand ,  Aw+O a s  P O  or 180°, and 

i n   t h e  limit, t h e  magnet swive l s   abou t   t he   d ipo le   ax i s ,   wh ich  

c o i n c i d e s   w i t h   t h e   e a r t h ' s   m a g n e t i c  f i e l d  vec to r ,  a t  t h e  same 



r a t e  as the she l l .  Thus,  no s t e a d y - s t a t e  damping i s  obta ined  

when 8 = 0 o r  180'. 0 

The value  of  the  s h a p e   f a c t o r  S, which  determines K accord-  

i n g  to (3.16-24), has been   i nves t iga t ed  as a f u n c t i o n  o f  t h e   a x i s  

l o c a t i o n   i n   t h e   p l a n e   n o r m a l   t o  m .  It was f i rs t  n e c e s s a r y   t o  ob- 

t a i n  a s equence   o f   d i r ec t ion   cos ines ,  ux and  uy,  which r o t a t e d  

t h e   a x i s   t h r o u g h   s a m p l i n g   i n t e r v a l s   o f  15' i n   t h e   p l a n e .  It was 

found  tha t   the   va lue   o f  S i s  a p p a r e n t l y   c o n s t a n t   i n  the p l a n e   f o r  

a f ixed  geometry.  T h i s  r e s u l t  i s  remarkable,  because  sample 

c a l c u l a t i o n s  show t h a t ,  f o r   p o i n t s   o u t s i d e  of t h e   p a r t i c u l a r  

p l ane ,   t he   va lue   o f  S v a r i e s   c o n s i d e r a b l y .  

R 

Based  on t h e s e   c o n s i d e r a t i o n s ,  i t  seems  reasonable   to  

assume a c o n s t a n t   v a l u e   f o r  K i n   t h e   p l a n e   n o r m a l   t o  t?i and t o  

assume that  a v i scous  law ho lds   t rue   p rov ided  tha t  t h e   a b s o l u t e  

r o t a t i o n   v e c t o r  of the s h e l l   d o e s   n o t   a p p r o a c h   t h e   d i r e c t i o n  of 

R 

t h e   e a r t h ' s   m a g n e t i c   f i e l d .  

Some u s e f u l   d e s i g n   c r i t e r i a   c a n  be  der ived  f rom  considera-  

t i o n  of   Figure 2. F i r s t ,   c a p t u r e  of  the   magnet ic   d ipole  i s  en- 

s u r e d   f o r  a l l  @ (0cpCi-r) provided t h a t  

or 
KQ H 
m W E  
- < -  



T h i s  c r i t e r i o n   s e t s  a lower limit on m, f o r   s p e c i f i e d  Kn.  

S ince  a l a r g e   d e f l e c t i o n   a n g l e  of t h e   d i p o l e   t e n d s  t o  reduce 

t h e  component  of s h e l l   r o t a t i o n   t h a t  i s  damped, i t  i s  d e s i r a b l e  

t o  r e s t r i c t   t h e   d e f l e c t i o n   t o   s m a l l   a n g l e s ;   e . g . ,  a<45 . From 

Figure  2, a = 45 cor re sponds   t o  Gs = l/Z. The a p p r o p r i a t e  

c r i t e r i o n  is ,  t h e r e f o r e ,  

0 

0 

68 



3.18. EFFECTIVE DAMPING TORQUE FOR SATELLITE  LIBRAl'IONS 

Accord ing   to   F igure  (3.17-1), t h e   t o r q u e ,  iij = K a;, exe r t ed  Q 
by t h e  damper on t'he s a t e l l i t e   ( s h e l l )  i s  not d i r e c t e d   a l o n g  

t h e   a x i s  o f   a b s o l u t e   r o t a t i o n  ( G ,  ax i s )  of t h e   s a t e l l i t e   u n l e s s  

p = 90'. The o b j e c t  of  this s e c t i o n  i s  t o  o b t a i n   t h e   e f f e c t i v e  

damping to rque  ne, which i s  t h e  component  of R a long  is. 

The e f f e c t i v e  damping  torque i s  

s i n  y = AW/W, 

where AG i s  g iven  b y  ( 3 . 1 7 - 2 4 ) .  I n  terms of zE and p .  



Idea l  v i s c o u s   ( r a t e )  damplng i s  o b t a i n e d   o n l y  when t h e   a b s o l u t e  

r o t a t i o n   v e c t o r   o f   t h e   s a t e l l i t e  i s  normal to t h e   e a r t h ' s   m a g n e t i c  

f i e l d   v e c t o r .  The e f f e c t i v e  damping c o e f f i c i e n t   t h e n   e q u a l s   t h e  

damping c o e f f i c i e n t   f o r   r e l a t i v e   r o t a t i o n .  

Fo r  p # 90' and Gs << 1: 

N, x 2 mH Gs (1-cos 2 8 )  = - (1-cos 2R)ws 2 

M K, w S  

where 

K, = 5 ( 1 - C O S  2 8 )  
2 

For  Gs << 1, t h e   e f f e c t i  .ve  damping i s  approximate1 

t o  t h e   a b s o l u t e   r o t a t i o n   r a t e ,  w s J  b u t   t h e  damping 

y p r o p o r t i o n a l  

c o e f f i c i e n t  

depends  upon  the  value  of 8. The e f f e c t i v e n e s s   r a t i o ,  K,/Kn, i s  

p l o t t e d   v e r s u s  190"-@\ i n   F i g u r e  1. N o t e   t h a t   f o r  190°-k31s3@, 

t h e   e f f e c t i v e n e s s   r a t i o  i s  0.75 o r  b e t t e r .  Fo r  190° -p (  = 45' , 
t h e   r a t i o  i s  0.5. 

F igu re  2 shows t h e   n o n - l i n e a r   r e l a t i o n s h i p   b e t w e e n  Ne and zs 
f o r  O<Essl on a l i n e a r   s c a l e .  The  same f u n c t i o n  i s  p l o t t e d   f o r  

O.ls~,slO on a l o g   s c a l e   i n   F i g u r e  3. F i g u r e  3 shows t h a t  the  

e f f e c t i v e   t o r q u e   i n c r e a s e s  w i t h  zs t o  a maximum value  a t  zs = 1 

and   t hen   dec reases   fo r  Gs > 1 ( 8#9Oo ) .  

The p e r c e n t   n o n - l i n e a r i t y   o f   t h e   e f f e c t i v e   t o r q u e  ( 4 )  r e l a t i v e  

t o  t h e   l i n e a r i z e d   t o r q u e  ( 6 )  i s  p l o t t e d   v e r s u s  zs w i t h  as a 



r 

parameter  i n  F i g u r e  4 .  The p e r c e n t   n o n - l i n e a r i t y  i s  found t o   b e  

l e s s   t h a n  5$, i f  !9Oo-6ls45' and ;,<0.3. 

S i n c e   t h e  damper  torque m i s  n o t   d i r e c t e d   a l o n g  is, t h e r e   e x i s t s  

a component t o rque   no rma l   t o  is, u n l e s s  B = 90'. T h i s  t o rque   t ends  

t o   p e r t u r b   t h e   a t t i t u d e  of  t h e   s a t e l l i t e  and m u s t  be   cons idered  

when a s s e s s i n g   t h e   s t e a d y - s t a t e   p o i n t i n g   a c c u r a c y .  



3.19 DAMPING OF TRANSIENT  LIBRATIONS 

The o b j e c t   o f   t h i s   s e c t i o n  i s  t o  i n v e s t i g a t e  damping  of 

t r a n s i e n t   l i b r a t i o n s   o f  a g r a v i t y - g r a d i e n t   s t a b i l i z e d  s a t e l l i t e  

which  uses a magnet ical ly   anchored  eddy  current   damper .   Several  

r e s t r i c t i o n s   a n d   a s s u m p t i o n s  will be needed to f a c i l i t a t e  t h e  

a n a l y s i s :  

1. L i b r a t i o n s   o c c u r   o n l y   a b o u t   p i t c h  axis,  

2 .  C i r c u l a r   o r b i t ,  

3. S m a l l   l i b r a t i o n   a n g l e s ,  

4. Neglec t   pe r tu rb ing   t o rques   i nc lud ing   damper   i nduced  

p e r t u r b a t i o n ,  

5.  E f f e c t i v e  damping t o r q u e  i s  p r o p o r t i o n a l  t o  i n s t a n t a n e o u s  

r a t e  of   p i tch   mot ion ,  

6 .  E a r t h ' s   m a g n e t i c   f i e l d  i s  desc r ibed   by   d ipo le   mode l .  

The   equat ion   for   p i tch   mot ion  of a g r a v i t y - g r a d i e n t   s t a b i l i z e d  

s a t e l l i t e  i s  the   fo l lowing :  

where 

0 = p i t c h   a n g l e   f r o m   l o c a l   v e r t i c a l  

1, = moment of i n e r t i a   a b o u t   p i t c h  ax is  

I, = moment o f   i n e r t i a   a b o u t  roll ax i s  

Iz = moment o f   i n e r t i a   a b o u t  yaw axis  

K, = e f f e c t i v e  damping c o e f f i c i e n t  

w0 = o r b i t a l   a n g u l a r  r a t e  



I 

According t o  (3.18-8), t h e  e f f e c t i v e  damping coe f f i c i en t   depends  

upon t h e  a n g l e  6 between t h e  axis  o f   a b s o l u t e   r o t a t i o n   ( p i t c h  

ax is )  and t h e  ea r th l s  magnetic f i e l d  i n t e n s i t y   v e c t o r .  

K, = - KQ (1-COS2B) 2 ( 2 )  

where Kn i s  t h e  damping c o e f f i c i e n t  f o r  r e l a t i v e   m o t i o n  between 

damper par t s .   Al though (1) i s  l i n e a r   b y   v i r t u e  o f  t h e  small 

angle   assumpt ion ,  K, depends  upon R which, i n   g e n e r a l ,   v a r i e s  

du r ing   an   o rb i t .   Thus ,  t h e  e f f e c t i v e  damping c o e f f i c i e n t  i s  a 

t ime-va ry ing   quan t i ty .  For t h e   p r e s e n t   a n a l y s i s ,   a n   a v e r a g e  

damping c o e f f i c i e n t  will be  assumed,  which  depends  on t h e  o r b i t a l  

i n c l i n a t i o n .  

Assuming a d i p o l e  model f o r  t h e   e a r t h ’ s   m a g n e t i c  f i e l d ,  t h e  

ve r t i ca l   and   ho r i zon ta l   componen t s   o f  t h e  f i e l d   i n t e n s i t y   v e c t o r  

a r e   g i v e n   b y  

H, = - %  SincO, ( 3 )  

where me i s  t h e  d i p o l e  moment o f  t h e  e a r t h ’ s  f i e l d ,  ro i s  t h e  

o r b i t a l   r a d i u s ,   a n d  cp, i s  t h e  m a g n e t i c   l a t i t u d e .  With r e s p e c t  

to o r b i t a l   r e f e r e n c e   a x e s ,  xo, yo, z o ,  i n  t h e  d i r e c t i o n   o f  t h e  

o rb i t a l   mo t ion ,   t he   no rma l  to t h e  o r b i t a l   p l a n e ,   a n d  t h e  l o c a l  

v e r t i c a l ,  t h e  f i e l d  components a re  
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where a i s  the   ang le   be tween   t he   o rb i t a l   p l ane   and   t he   magne t i c  

m e r i d i a n   p a s s i n g   t h r o u g h   t h e   s a t e l l i t e   p o s i t i o n .  F o r  t h e   p r e s e n t  

a n a l y s i s ,   t h e   e f f e c t   o f  a p i t c h   a n g l e  on t h e  f i e l d  components 

a l o n g   t h e  roll and yaw axes   can   be   neglec ted ,  s o  t h a t   t h e  com- 

ponen t s   a r e  

H, M Hh cosu ( 8 )  

H, = +Hh s i n a  (9) 

The components  can  be  expressed i n   t e r m s   o f   t h e   o r b i t a l   i n c l i n a -  

t i o n   a n g l e  i, w i t h  r e s p e c t  to the   magnet ic   equa tor   and   the   angle  

8 ,  o f   t h e   s a t e l l i t e   f r o m   t h e   a s c e n d i n g   n o d e   a s   f o l l o w s :  

H, = +* cos i, m 
YO 

Denoting a s e t  o f  u n i t   v e c t o r s   a l o n g   t h e  roll, p i t c h ,  and yaw 

axes  by i, j ,  and E r e s p e c t i v e l y , .  
- 

w.j = H, = H C O S  8 

where 

R = I H ,  + j H Y + E H z  

cos 8 = J = +  - H m cos i, 
H rg H . .  
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From (11), (12), and (13) 

where 6 = 3 s in2  i, 
2+3sin2 i, 

But 

From (18), 

The  average  damping  coeff ic ient  will be  computed  over h a l f  a n  

o rb i t ,   a s suming  that  i, i s  f i x e d .  A c t u a l l y  ia v a r i e s   f r o m   o r b i t  

t o  o r b i t ,  because t h e  m a g n e t i c   d i p o l e   d o e s   n o t   c o i n c i d e  w i t h  t he  

e a r t h ' s  r o t a t i o n  axis ;  however, for low  and medium a l t i t u d e  

o r b i t s ,  t h e  p e r i o d  of v a r i a t i o n  i s  long  compared w i t h  t h e  o r b i t a l  

p e r i o d .  
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- - 5 [1 - k ( 1 - 6 ~ 0 ~ 2 0 , )  
rr 

where 

k = cos2 i ,  

L e t  
c 

According to formula  213 

To e v a l u a t e   t h e   d e f i n i k e   i n t e g r a l ,  i t  i s  n e c e s s a r y  t o  account  

for t h e   m u l t i - v a l u e d   n a t u r e  o f  t h e   i n v e r s e   t a n g e n t   f u n c t i o n .  

Let  v = t a n  u ,  where -1 

Table 1 shows a sequence o f  p o i n t s  as 9 ,  ranges  from 0 t o  n .  

0 

( & ) c o s  6 

rr/4 

rr/2 

3n/4 

( $ ) c o s  6 

-1 

-1 

ll 

U 

0 

03 

0 



The t o t a l   c h a n g e   i n  v i s ,  t h e r e f o r e ,  2n. 

But 

A graph  of  ’K \/K v e r s u s  i, i s  p l o t t e d   i n   F i g u r e  1. 

v a r i e s   f r o m   z e r o   f o r  i, = Oo to u n i t y  a t  i, = 90’. 
\ ek 0 

( 3 2 )  

The r a t i o  

Assuming t h a t   t h e   i n s t a n t a n e o u s  damping c o e f f i c i e n t   i n  (1) 

can   be   rep laced   by  t h e  averaged   va lue   g iven   by  (31 ), t h e n   i n  

terms o f  t h e   d i m e n s i o n l e s s   q u a n t i t i e s ,  

(1 ) becomes 

.. 
0 -1- 2cm,i + wape = 0 

The t r a n s i e n t   s o l u t i o n  for 5<<1 i s  
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where e o  i s  t h e   i n i t i a l   p i t c h   a n g l e .  The t ime  cons tan t  f o r  

d e c a y   o f   p i t c h   o s c i l l a t i o n s  to o0/e   (e  2.718) i s  

Formula (38) g i v e s   t h e   e f f e c t i v e  damping c o e f f i c i e n t   c o r r e s p o n d i n g  

t o  a s p e c i f i e d   p i t c h   a x i s  moment of i n e r t i a  and  t ime  constant .  

A l though   t he   e f f ec t ive  damping c o e f f i c i e n t  i s  independent 

of o r b i t a l  r a d i u s ,  f o r  a spec i f i ed   va lue   o f  K accord ing  t o  ( 3 2 ) ,  

t he   fo rmula  i s  v a l i d   o n l y  when t h e   l i n e a r i t y   c r i t e r i o n ,  w,<<l, i s  

s a t i s f i e d .  To see  how t h e  damper design  depends upon o r b i t a l  

r a d i u s ,  r e c a l l   t h a t  zs = K /mH, where m i s  t h e   d i p o l e  moment of 

t h e  damper  magnet  and H i s  t h e   i n t e n s i t y   o f   t h e   e a r t h ' s   m a g n e t i c  

f i e l d .  For (w",),,, = k (k<<l), 

0' 
N 

R 

For pi tch   mot ion  and l i g h t  damping ( 6 < < 1 ) .  

(w.5 >, ,x  = ( e ) n l * x  = Up e o  

s i n c e  e o <  rr/2 r a d i a n s   f o r  a c a p t u r e d   s a t e l l i t e ,  B u t .  

where ug = 3.986 x 1 0 2 O  c$ /see2  and re = 6.378 x lo8 cm. Also, 
I 



I 

where me = 8.1 x loz5 pole-cm. 

. m 10.72 x 
_. " .. 
Kn k 

(44 1 

F i g u r e  2 i s  a cu rve   showing   t he   r a t io ,  m/KQ, v e r s u s   o r b i t a l  

a l t i t u d e   f o r  1% maximum n o n - l l n e a r i t y  when ]i, I > 15 , c o r r e -  

spond ing   t o  k = 0 .1  a n d   d i p o l e   d e f l e c t i o n   a n g l e ,  a < 6'. T h u s ,  

t h e  minimum d i p o l e  moment needed   fo r  a s p e c i f i e d   o r b i t a l  a l t i -  

tude  and  damping c o e f f i c i e n t   c a n   b e   d e t e r m i n e d .  

0 

A s  an  example,   the GEOS-A des ign   pa rame te r s   a r e  as fo l lows :  

m = 25,000 pole-cm 

= 70,000 dyne-cm-sec 

h = 600 n.  m i .  ( o r b i t a l   a l t i t u d e )  

.'. m/Kn = 0.358 

Accord ing   t o   F igu re  2, l i n e a r   ( r a t e )  damping i s  a s s u r e d   f o r  a n  

o r b i t a l   a l t i t u d e  up t o   a b o u t  4250 n.  m i .  f o r   o r r b i t a l   i n c l i n a -  

t i o n s   i n   e x c e s s   o f  15 from the magnet ic   equator .  0 
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3.20 SELECTION OF DAMPER PARAMETERS 

Since the size  and  weight of the damper are governed by the 

choice of the  dimensional r a t io s ,  a/c,  c/rl, rl /r2, the  magneti- 

zation M, and  the  desired  value  of Kn, it is of interest to con- 

sider how these  parameters  might  be  selected. 

The a/c ratio  and  the  magnetization M are mainly  determined 

from magnet  design  considerations.  Once  a  particular  alloy 

(typically  Alnico 5) has  been  selected,  the  operating flux den- 
sity, in the  case of a  bar  magnet,  depends upon the length-to- 

diameter  ratio, &/d. For an efficient  magnet, in terms of 

strength  per  unit  volume, the &/d ratio is chosen to obtain an 

operating  point on the  demagnetization  curve  (that  part of the 

B-H hysteresis loop lying in the  second  quadrant) near the peak 

energy  point  (maximum B-H product). It is not easy  to  predict 

the optimum  shape  and  the  operating point by  analytical  means, 

since  the  air  gap of a  cylindrical  magnet is not well defined. 

Therefore,  the GEOS-A magnet  design  parameters will be  used  as 

a  basis for calculations in this  section. Since detailed  design 

information is of a  proprietary  nature,  only  the  results of cal- 

culations  using  design  data will be included in this  report. 

* 

For efficient  use  of  the  damper  volume  and to obtain  the 

maximum  centering  force from the  diamagnetic  shell,  the c/rl 

ratio  should be near  unity  with  the  constraint, a2 + c2  < r:, or 

c/rl < [1 + (a/~)~]-~ (1) 
1 

The exact  choice  of c/rl would  depend upon dimensional  tolerances 
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and  the amount  of d e f l e c t i o n   o f   t h e  magnet  assembly  from  center 

that  would b e   e x p e c t e d   i n   p r a c t i c e .  

With r2 f i x e d  and   a /c   and   c / r l   spec i f ied ,   there  i s  a n   o p t i -  

mum s h e l l   t h i c k n e s s   r a t i o  r l /r2,  f o r  which K i s  a maximum, s i n c e  

i n  (3.16-24), S -+ 0 as rl + 0 or as  rl -+ r, . The  optimum r a t i o ,  

(rl/r2 ) o ,  i s  independent  of r 2 .  The value  of  S has b e e n   p l o t t e d  

ve r sus  Ar/r2 (Ar = r2 - r l )  i n   F i g u r e  1 based on values  of  a/c 

and   c / r l   used   in   the   des ign   of   the  GEOS-A damper. The optimum 

value  of Ar/ra i s  about 0.12, cor re spond ing   t o  (rl/r2 ) o  = 0.88, 

The value  of  Ar/r2 used i n   t h e  GEOS-A damper i s  l e s s   t h a n   t h e  

t h e o r e t i c a l  optimum, co r re spond ing   t o  a r e d u c t i o n   i n  damping 

c o e f f i c i e n t  of about  25%. 

R 

For spec i f i ed   va lues   o f   a / c ,   c / r l ,  and KO, choosing rl/rB = 

(rl/ra ) o  y i e l d s  a minimum volume  damper. A small damper i s  de-  

s i r a b l e ,   b e c a u s e   t h e   e f f e c t   o f   s o l a r   r a d i a t i o n   p r e s s u r e   o n   t h e  

s a t e l l i t e   a t t i t u d e  i s  minimized.  Figure 2 i s  a graph  showing 

d i ame te r   ( coppe r   she l l )  of a minimum volume  damper ve r sus  Kn. 

A graph for a damper having   the  same d i m e n s i o n a l   r a t i o s   a s   t h e  

GEOS-A damper i s  shown for   compar ison .  A t  the   nominal  damping 

c o e f f i c i e n t  of 60,600 dyne-cm-sec.*, t h e  minimum volume  damper 

d iameter  i s  only 0 .2  i n c h   l e s s   t h a n   t h e   a c t u a l   d e s i g n   v a l u e   f o r  

t h e  GEOS-A damper. 

Assuming f i x e d   d i m e n s i o n a l   r a t i o s ,   t h e  damper  weight i s  pro-  

p o r t i o n a l   t o   o v e r a l l  volume.   For   reference  the  weight  of t h e  

GEOS-A damper i s  7 pounds  and t h e   o v e r a l l   d i a m e t e r ,   i n c l u d i n g  

* This  f i g u r e   d o e s   n o t   i n c l u d e   t h e   e f f e c t  of t h e  aluminum s h e l l ,  
which i s  about  12% o f   t h e   t o t a l  damping c o e f f i c i e n t   o f  70,000 
dyne-cm-sec. 
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t h e  aluminum s h e l l  i s  5". F igure  3 i s  a cu rve   showing   t o t a l  

weight  versus d8 , based on d imens iona l   r a t io s   o f   t he  GEOS-A 

damper. The damper  weight i s  g iven  as a func t ion   o f  KO, assum- 

i n g  GEOS-A damper d i m e n s i o n a l   r a t i o s ,   i n   F i g u r e  4.  
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4.  ANALYSIS  OF EDDY  CURRENT  ROD  DAMPING  CONCEPT 
" 

4 . 1  LIBFtATION  DAMPING BY - MEANS O F  EDDY CURRENT  RODS 

Seve ra l   pas s ive   t echn iques   wh ich   r equ i r e   no  moving p a r t s   f o r  

l i b r a t i o n  damping  have  been  described  by R . E .  F i s c h e l l  of APL r71. 

These  techniques  use  ferromagnet ic   rods  which a re  magnetized  by 

t h e   e a r t h ' s   m a g n e t i c  f i e l d .  The rods  a r e  r i g i d l y   a t t a c h e d   t o   t h e  

main  body o f  t h e  s a t e l l i t e  s o  t h a t  a t t i t u d e   m o t i o n s  move t h e   r o d s  

w i t h   r e s p e c t  to t h e   e a r t h ' s   m a g n e t i c   f i e l d .  The  changes i n  magneti- 

za t ion   gene ra t e   power  losses b y   h y s t e r e s i s  and  eddy  currents,   and 

t h e   r e s u l t  i s  a damping  torque  applied t o  t h e   s a t e l l i t e .  

The spec i f i c   t echn ique   wh ich  is cons ide red  f o r  u s e  on t h e  

GEOS B s a t e l l i t e  uses   equal   vo lumes   of   rods   mounted   para l le l   to   the  

t h r e e   p r i n c i p a l   a x e s   o f   t h e   s a t e l l i t e .  The rods  a r e  made of a, 

m o d e r a t e   h y s t e r e s i s  l o s s  material which has a h i g h   p e r m e a b i l i t y  

a t  t h e   e a r t h ' s   m a g n e t i c   f i e l d   i n t e n s i t y .  Eddy c u r r e n t  damping i s  

obta ined   by  means of  power l o s s e s   i n  a copper  shea th  around  each 

rod .   S ince   the   remanence   of   the   magnet ic   mater ia l  i s  low, t h e  

magnet ic   induct ion   a long   each  ax is  i s  approx ima te ly   p ropor t iona l  

t o   t h e  component  of t h e   a p p l i e d   m a g n e t i c   f i e l d .  The induced 

d i p o l e  i s ,  t h e r e f o r e ,   n e a r l y   p a r a l l e l   w i t h   t h e   a p p l i e d   f i e l d ,  

and t h e  p e r t u r b i n g   e f f e c t   o f   t h e   i n d u c e d   d i p o l e  i s  much less  than  

for other   types  of   magnet ic   rod  dampers .  



4.2  DERIVATION OF THE BASIC TORQUE FORMULA 

The torque required  to  rotate a ferromagnetic  rod  clad with 

a conducting  sheath in a magnetic  field can be  derived in a man- 

ner similar to the analysis for shorted coil damping  by  Fischell. 

Consider a long,  cylindrical  rod  rotating about an axis normal 

to the  longitudinal axis in a magnetic  field of intensity w. 
With long  rods,  the  effect of induced  poles is  to prevent 

the rod from being  magnetized  except  along the longitudinal  axis; 

hence,  only the longitudinal  component  of the applied  field  need 

be considered. The intensity of the internal  field  differs from 

the applied  field  intensity,  due to the  demagnetization  effect 

of induced  poles,  by an amount  that  depends on the  length-to- 

diameter ratio (&/d) of the rod.  

N Hi = H, - x Bi (oersteds) (1) 

where Bi is the internal f l u x  density in gauss, and N j s  the  de- 

magnetizing  factor.  According to Bozorth  and  Chapin [SI, 

for a  long  cylindrical rod with e/d > 10. The demagnetization 

effect can be  accounted  for  by  defining an "apparent"  permeabil- 

ityy as  the ratio of the  internal flux density  to  the  applied 

field  intensity. The apparent  permeability can be  obtained in 

terms  of  the  true  permeability and the &d ratio  by means of a 

graph which  appears in C81. 

If H, is the magnitude of the  applied  field  intensity,  then 



f o r  a c o n s t a n t  ra te  o f   r o t a t i o n  W, t h e  component of a long  the 

l o n g i t u d i n a l   a x i s  of the rod i s  

H =- H, s i n  w t  ( 3 )  

To e v a l u a t e   t h e   e f f e c t i v e n e s s  of  eddy  current  damping with 

a conduc t ing   shea th ,   co re   l o s ses  w i l l  be   neg lec t ed .  By hypothes is ,  

t h e   f l u x   d e n s i t y   i n  the  rod i s  a l s o   s i n u s o i d a l ,  and 

B = B, s i n  w t  = p ' ~ ,  s i n  w t  {4) 

where B i s  t h e   f l u x   d e n s i t y   a v e r a g e d   o v e r   t h e   r o d  and p' i n   t h e  

a p p a r e n t   p e r m e a b i l i t y .  The copper   shea th  i s  e q u i v a l e n t   t o  a 

s i n g l e   t u r n   c o i l   a r o u n d   t h e  bar, and the   vo l tage   induced   a round 

t h e   s h e a t h  i s  

v = - 2fl x ( v o l t s  ) (5) 
d t  

Neg lec t ing   l eakage   f l ux  and  assuming a c o n s t a n t   f l u x   d e n s i t y   i n  

t he   rod ,   t hen  

v = -A dt x = -A w B, COS wt X lod8  ( v o l t s )  (6 )  d B  

where A = nr12 i s  t h e   c r o s s - s e c t i o n a l   a r e a  of t h e  rod, which has 

r a d i u s  rl cm. The  power d i s s i p a t e d   i n  a s t r i p  of copper   of   thick-  

nes s  d r  a t  a r a d i u s  of r and l e n g t h  em. i s  

where p i s  t h e   r e s i s t i v i t y   o f   t h e   c o p p e r   i n  ohm-cm. The t o t a l  

power d i s s i p a t e d   i n   t h e   s h e a t h  i s ,  t h e r e f o r e ,  



The average  power  diss ipated  over  a c o m p l e t e   r o t a t i o n   c y c l e  i s  

The  power loss  g iven  by (9) cor re sponds   t o  a v iscous  damping 

torque ,  N = K. w dyne-cm,  where 
w w 

K =  %!!- In (r2  /rl ) p " H, x lo-' (dyne-cm-sec) (12 )  
u) 4 n p  

When s e v e r a l   r o d s   a r e  mounted p a r a l l e l   t o  each  other ,  a d d i -  

t i o n a l  damping i s  ob ta ined ,  b u t  n o t   i n   p r o p o r t i o n   t o   t h e i r  number, 

because  of a p rox imi ty   e f f ec t   wh ich   r educes   t he   f l ux   dens i ty  i n  

each  rod. The e f fec t   can   be   accounted  for by means  of a sepa ra -  

t i o n   c o e f f i c i e n t ,  o e .  For two r o d s ,   t h e   s e p a r . a t i o n   c o e f f i c i e n t  

v a r i e s   f r o m   a b o u t   o n e - h a l f   f o r   a d j a c e n t   r o d s   t o   u n i t y   f o r   a n   i n -  

f i n i t e   s e p a r a t i o n .  The damping c o e f f i c i e n t   f o r  n rods has t h e  

form,   therefore ,  

K =  I n  ( r2/r1)  p '2  H," x lo-' (dyne-cm-sec) (13) 
w 4i-r P 

It should  be  emphasized  that   the  above  formula  involves 

parameters ,  D e  and w ' ,  t h a t   c a n n o t   b e   a c c u r a t e l y   p r e d i c t e d  by 

o r d i n a r y   a n a l y s i s  and which   requi re   carefu l   l abora tory   measure-  
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ment f o r  a p a r t i c u l a r   m a t e r i a l  and  geometry. For  a given  mate- 

r i a l  and  shape ,   the   da ta   can   be   ob ta ined  by experiment,  and t h e  

r e s u l t s   c a n   t h e n   b e   s u b s t i t u t e d  t o  o b t a i n  K . For the  purpose 

of t h i s  r e p o r t ,  a rough  es t imate  of t hese   pa rame te r s  w i l l  s u f f i c e .  
w 



4 . 3  ANALYSIS  OF  LIBRATION DAMPING 

The o b j e c t   o f   t h i s   s e c t i o n  i s  t o   o b t a i n   r o u g h  estimates of  

t h e   e f f e c t i v e n e s s   o f   t h e   e d d y   c u r r e n t   r o d   d a m p i n g  

dev ice  on a g r a v i t a t i o n a l l y   s t a b i l i z e d   s a t e l l i t e .   I n   o r d e r  to 

o b t a i n   a n y   r e s u l t s   a n a l y t i c a l l y ,  i t  becomes  necessary to make 

some gross   assumptions  and  approximations  which may n o t  be  too 

r e a l i s t i c ;  however, t h e  r e s u l t s   s h o u l d  a t  l e a s t  make p o s s i b l e  a 

comparison i n  t h e  performance  of t h e  a l t e r n a t e  damping  methods 

u n d e r   i d e a l i z e d   c o n d i t i o n s .  A more accura te   per formance   eva lua-  

t i o n   r e q u i r e s  a comple t e   s imu la t ion   o f   t he   non- l inea r   equa t ions  

o f  motion,   but  t h i s  task i s  beyond the   s cope   o f   t he   p re sen t  

i n v e s t i g a t i o n .  

The conf igura t ion   which  will be   s tud ied  has t h r e e   e q u a l  

volumes  of   rods  r igidly  mounted  a long t h e  r o l l ,   p i t c h ,   a n d  yaw 

axes of t h e  s a t e l l i t e .  With g r a v i t y - g r a d i e n t   s t a b i l i z a t i o n ,  t h e  

r e f e r e n c e   p o s i t i o n s   f o r   t h e  roll, p i t ch ,   and  yaw a x e s   a r e   t h e  

o r b i t a l   v e l o c i t y   v e c t o r ,   t h e   n o r m a l  to t h e   o r b i t   p l a n e ,  and t h e  

l o c a l   v e r t i c a l .   O n l y   c i r c u l a r   o r b i t s  will be   cons idered .  

Two se t s  o f   coo rd ina te   sys t ems  will be  needed.   Let  x l ,  x,, 

x3 denote  t h e  r o l l ,   p i t c h ,   a n d  yaw axes ,   r e spec t ive ly ,   o f  t h e  

s a t e l l i t e ,  and l e t  x:, x2, x: d e n o t e   t h e   c o r r e s p o n d i n g   o r b i t a l  

r e f e r e n c e  axes. For  an a r b i t r a r y   r o t a t i o n   o f   t h e   s a t e l l i t e ,  t h e  

components   o f   vec tor   in   one   coord ina te   sys tem  can   be   ob ta ined  

i n   t h e   o t h e r   b y   a n   o r t h o g o n a l   t r a n s f o r m a t i o n ;   i . e . ,  

0 

- X = A X '  (1) 
" 
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I 

a,, = c o s  e c o s  $ 

ala = c o s  8 s i n  JI 

a,, = - s i n  e 
a,, = -cosrgsin$ + s i n q s i n e c o s o  

a,, = coscpcosllr + s inVsinQsinJI  

a,, = s i n  cp c o s  Q 

aS1 = s inqs inJ I  Y cosminOcos$  

a,, = - s i n ~ c o s 6  + coscpsinesin4 

a,, = c o s  cp c o s  Q 

The  components  of t h e   e a r t h ' s   m a g n e t i c   f i e l d   a l o n g   t h e  

s a t e l l i t e   a x e s  will be  needed.  Assuming a d ipo le   mode l ,   t he  

v e r t i c a l   a n d   h o r i z o n t a l   c o m p o n e n t s   o f  t h e  f i e l d   i n t e n s i t y   v e c t o r  

a r e   g i v e n  by: 

where me i s  t h e   d i p o l e  moment of  t h e  e a r t h ' s   f i e l d ,  ro i s  t h e  

o r b i t a l   r a d i u s ,   a n d  Po, i s  t h e   m a g n e t i c   l a t i t u d e .  The  components 

of t h e   f i e l d   a l o n g   t h e   o r b i t a l   r e f e r e n c e   a x e s   a r e  



where a i s  t h e   a n g l e   b e t w e e n   t h e   o r b i t a l   p l a n e  and the   magnet ic  

mer id ian   p lane .   In   t e rms  of t h e   o r b i t a l   i n c l i n a t i o n ,  i,, r e l a -  

t i v e  to the   magnet ic   equator   and  the  argument ,  €I,, o f  t h e   s a t e l -  

l i t e   p o s i t i o n  measured  from  the  ascending  node of t h e   o r b i t  

H,, = + C O S  i, 
r0 

H z ,  = ”+ s i n  i, s i n  e ,  2m 
Y O  

In   t e rms  of HxO, H Y O ,  and H z O ,  

Hx = H x o  cos8  cos$ + H y o  cos0  s i n $  - H z 0  s i n e  

H, = H,, (-boscp s in4  + sinm sine c o s $  ) 

+ HYB ( cosrp costb + sinep s i n e   s i n @ )  

+ H z o  sinw cos0 

The  damping for roll, p i t c h ,  and yaw motions will be  obtained 

separa te ly ,   assuming small angu la r   d i sp l acemen t s .  F o r  small  

a n g l e s  , 



F i e l d  
Component Roll P i t c h  - Yaw 

HX Hx 0 H,o -Hz 0 e HXO+HY O J r  

TABLE 1 - Components o f  Magnet ic   In tens i ty   Vector  Along 
R o l l ,  P i t c h ,  and Yaw Axes 

The in s t an taneous  power loss in   each   rod  i s  p r o p o r t i o n a l   t o  

the   square  of t h e   r a t e  of change of t h e  component  of E a long   the  

rod.  The r a t e  of   change  consis ts   of  two  components,  one c o n t r i -  

buted by t h e   a t t i t u d e   m o t i o n  and ano the r  by t h e   o r b i t a l   m o t i o n  

of t h e   s a t e l l i t e   t h r o u g h   t h e   m a g n e t i c   f i e l d  of t h e   e a r t h .  Be- 

cause   t he   squa re  i s  t a k e n ,   t h e   p r i n c i p l e  of superpos i t ion   does  

not   apply ,  and i t  i s  n o t   p o s s i b l e   t o   s e p a r a t e   t h e  damping of  a t t i -  

t ude   mo t ions   f rom  the   pe r tu rb ing   e f f ec t  of o r b i t a l   m o t i o n .  For  a 

p r e l i m i n a r y   e s t i m a t e   o f   t h e   e f f e c t i v e n e s s   o f   t r a n s i e n t  damping, 

t h e   e f f e c t  of o r b i t a l   m o t i o n  w i l l  s imply  be  ignored.  This  proce- 

dure  w i l l  y i e l d  a “ b e s t   c a s e ”   e s t i m a t e   o f   t r a n s i e n t  damping. The 

ne t   t o rque   gene ra t ed   abou t  a p a r t i c u l a r   a x i s  i s  obta ined  by com- 

b i n i n g   t h e   t o r q u e s   c o n t r i b u t e d  by t h e   r o d s   n o r m a l   t o   t h e   a x i s .  

The r e s u l t i n g  damping c o e f f i c i e n t s   f o r  roll, p i t c h ,  and yaw r a t e s  

of   motion  are  as fo l lows .  



P i t c h :  Ki = k (HfO + H Z o )  

where k i s  a coe f f i c i en t   depend ing  upon the   rod  and s h e a t h  

parameters ;   v iz .  

k =  2no (20 1 

C l e a r l y   t h e  damping c o e f f i c i e n t   f o r  a p a r t i c u l a r   a x i s   o f   r o t a -  

t i o n  i s  d i s t i n c t  and v a r i e s  with t h e   l o c a t i o n  of t h e   s a t e l l i t e  

i n  t h e   e a r t h ' s   m a g n e t i c   f i e l d .  

The p i t c h   a x i s  damping c o e f f i c i e n t  w i l l  b e   i n v e s t i g a t e d   i n  

f u r t h e r   d e t a i l .  From ( 8 ) ,  (10) and (18) 

K; = k(:J s in2  i, (cos' 8, + 4 s i n 2  8, ) 

s in2  i, (4 - 3 cos2 8 , )  

The average damping c o e f f i c i e n t   o v e r   a n   o r b i t  i s  

\ e / - \  / 
'K" - /Hf0 + H z o  a \  

= 2 k ( x J  sin' i, 
T o  

The v a r i a t i o n  of 'K-\ with i, as shown i n   F i g u r e  1. The 

maximum / K O \  o c c u r s   a t  i, = goo, and a t  i, = 
O Y  \ 8 4  

/KO\ i s  zero .  

A t  i, = 4 5 O ,  t h e   r a t i o   o f  /K*' t o   t h e  maximum value i s  0.5. 

\ 8 . 4  

\ 

\ 04 
Figure  2 shows t h e   e f f e c t   o f   o r b i t a l   a l t i t u d e  h on 'K*\ 
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for h/r, ranging   f rom  zero   to  0.7, where re i s  t h e   r a d i u s  of 

t h e   e a r t h .  Note t h a t  KO - \  v a r i e s   i n v e r s e l y   a s   t h e   s i x t h  power 

of t h e   o r b i t a l  r a d i u s .  The graph shows that  d o u b l i n g   a l t i t u d e  

from 600 n. m i .  t o  1200 n. m i .  r educes   the   average  damping co- 

e f f i c i e n t  by 56.5%. 

\ 10 
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4.4 SELECTION OF DAMPER  ROD PARAMETERS 

Formula (4.3-18) f o r   t h e   p i t c h  ax is  d a m p i n g   c o e f f i c i e n t  has 

the  form 

(dyne-cm-sec) 

where d l  = 2r ,  (i = 1 , 2 )  and 

The   independen$  des ign   parameters   a re  d,/dl ,  ,!/dl and e .  
The a p p a r e n t   p e r m e a b i l i t y  p '  i s  a f u n c t i o n  of e /d l  a n d   t h e   t r u e  

p e r m e a b i l i t y  p of t h e   r o d   C o r e m a t e r i a l .  

FOP maximum 'KO /V, t h e  rod  should be as long  as p o s s i b l e  \ e  ) 
f o r   t h e   a v a i l a b l e   s p a c e ;   i . e .  1. = e , , , .  The s h o r t e s t   d i m e n s i o n  

of t h e  GEOS s a t e l l i t e  is about  3O", a l o n g   t h e   z - a x i s .  
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By p a r t i a l   d i f f e r e n t i a t i o n ,  i t  i s  found tha t  (Kb,/V \ is 

maximum as a f u n c t i o n  of d,/dl f o r  d,/dl = &- M 1.65. 

Because   t he   t o t a l   space  i s  l i m i t e d   i n  GEOS, i t  may b e   b e n e f i c i a l  

t o   u se   f ewer  rods w h i l e   i n c r e a s i n g  the  shea th   th ickness   o f   each  

r o d .  Because   no   quan t i t a t ive   i n fo rma t ion  i s  a v a i l a b l e  on t h e  

s e p a r a t i o n   c o e f f i c i e n t   f o r   p a r a l l e l  rods, i t  i s  necessa ry  to 

n e g l e c t   t h e   p r o x i m i t y   e f f e c t   i n   t h e   p r e s e n t   s t u d y .  

The choice  of  j /d ,  p re sen t s   an   i n t e re s t ing   p rob lem,   because  

of t h e  Fomplicated way i n  which p'  depends upon e / d , .  T h e r e   a r e  

two e f f e c t s   t o   c o n s i d e r .   F i r s t ,   t h e   d e m a g n e t i i l n g   e f f e c t   o f  

induced   po les   becomes   less  as t h e  [/dl r a t i o  i s  made l a r g e r ,  s o  

t ha t  t h e   i n t e r n a l   f i e l d   i n t e n s i t y   a p p r o a c h e s   t h e   a p p l i e d   f i e l d  

i n t e n s i t y .  For l a r g e  )?/dl t h e   r a t i o   o f   a p p a r e n t   p e r m e a b i l i t y  t o  

true p e r m e a b i l i t y  i s ,  t h e r e f o r e ,   c l o s e  t o  un i ty .   Second,   the  

t r u e   p e r m e a b i l i t y   v a r i e s  w i t h  t h e   i n t e r n a l   f i e l d   i n t e n s i t y .  For 

a s t r o n g ,   c o n s t a n t   e x t e r n a l   f i e l d ,   t h e   t r u e   p e r m e a b i l i t y   r i s e s  

from  an i n i t i a l   v a l u e  to a maximum value  as i / d z  i s  inc reased ,  

and   t hen   d rops   o f f   r ap id ly  as t h e   m a t e r i a l   b e g i n s  to s a t u r a t e .  

Because  of i t s  h igh   permeabi l i ty   and  low h y s t e r e s i s  loss, 

4-79 Molybdenum Permalloy i s  t h e   b e s t   a v a i l a b l e   m a t e r i a l   f o r  

t he   p re sen t   app l i ca t ion ;   however ,  i t  should  be  noted tha t  Permalloy 

s a t u r a t e s  a t  about  0 .2  o e r s t e d s ,   w h i l e   t h e   e a r t h ' s   m a g n e t i c   f i e l d  

a t  low a l t i t u d e  may be much s t ronger .   Thus,  some demagnet izat ion 

appea r s  t o  be   necessa ry  a t  low a l t i t u d e s .  Moreover,  Bozorth's 

and  Chapin's   graph shows tha t  demagnet izat ion has a s t a b i l i z i n g  
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e f f e c t  on t h e   a p p a r e n t   p e r m e a b i l i t y ,  i f  t h e   t r u e   p e r m e a b i l i t y  

i s  s u f f i c i e n t l y   l a r g e   a n d  a/d, i s  no t  t o o  l a r g e .  

T h e s e   r e l a t i o n s h i p s  are c l a r i f i e d   i n   F i g u r e s  1 and 2. The 

g r a p h s   a r e  based upon pub l i shed   magne t i za t ion   cu rves   fo r  4-79 

Molybdenum Permalloy [g]  and  Bozor th ' s   and   Chapin ' s   g raph  [ 8 ] .  

F i g u r e  1 shows t h e   a p p a r e n t   p e r m e a b i l i t y  as a func t ion   o f   app l i ed  

f i e l d   i n t e n s i t y   f o r   s e v e r a l   v a l u e s  of $ /d l .  The s t a b i l i z i n g  

e f f e c t  o f  demagnetization  on p f o r  smaller b/d, i s  appa ren t ;  

however, s t a b i l i z a t i o n  i s  ob ta ined  a t  c o n s i d e r a b l e   r e d u c t i o n  i n  

p' w i t h i n   t h e   r a n g e   o f   p r a c t i c a l   a p p l i e d   f i e l d   i n t e n s i t i e s .  

F i g u r e  2 i s  a graph of p' v e r s u s  e/dl  w i t h   t r u e   p e r m e a b i l i t y  p 

as a parameter .   This   g raph  shows c l e a r l y   t h e   i n c r e a s e   i n  p' 

w i t h  b/dl . The c u r v e   f o r  ~1 = lo5 will be  used as a des ign  basis. 

The op t imiza t ion  of  /K'\/V can now be  completed.   Figure 3 \ e /  
i s  a graph of  (,!!/dl ) - 2  p f 2  ver sus  j / d l ,  based upon d a t a   p r e s e n t e d  

i n   F i g u r e  2. The cu rve   r eaches  a maximum va lue  a t  abou t  e,/d, = 300; 

however, as p rev ious ly   no ted ,  p' i s  more s e n s i t i v e  to a p p l i e d  

f i e l d   s t r e n g t h  a t  &,'dl = 300, so t h a t  a somewhat lower  value may 

be   p rePerable .  

The  damping c o e f f i c i e n t   f o r  a s i n g l e   r o d   ( n  = 1, ue = 1) w i t h  

e =  29", dl = 1/8" and d, = 3/8" has been   ca l cu la t ed  for a hypo- 

t h e t i c a l   p o l a r   o r b i t  a t  e a r t h   r a d i u s  (re =6 -378x10' cm, i,=90°) t o  be 
/K*\ 
\ e/, = 1338 dyne-cm-sec .   For   four   rods   spaced   wel l   apar t ,  'K" - \ 9 / -  

5352 dyne-cm-sec. A t  o r b i t a l   a l t i t u d e s  and f o r   l o w e r   o r b i t a l   i n -  

c l i n a t i o n s ,   t h e  damping c o e f f i c i e n t  w i l l  be  reduced  according t o  



Figures  4.3-1 and 4.3-2. For example, i f  a 600 n. m i .  p o l a r  

o r b i t  is c h o s e n ,   t h e   c o r r e c t i o n   f a c t o r  is  0.38, s o  t h a t  for f o u r  

rods ,  'K.) = 1980 dyne-cm-sec. \ e  
Each rod weighs  about 1.5 l b . ,  so t h a t   t h e   t o t a l   w e i g h t  of 

t h e   t h r e e   s e t s  of fou r   rods  i s  about 18 l b .  Assuming that  enough 

space   were   ava i l ab le ,   and   t he   r e su l t i ng   pay load   cou ld   be   o rb i t ed ,  

t o  g e t  a  damping c o e f f i c i e n t  of 70,000 dyne-cm-sec.,  about 140 

rods a long   each   ax is  would be  needed for a t o t a l  weight  of 636 l b .  
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5. COMPARISON O F  THE TWO DAMPING  TECHNIQUES 

Enough informat ion  has been  der ived on the  performance of 

the  magnet ical ly   anchored  and  the  eddy  current   rod  dampers   to  

provide  a b a s i s  for compara t ive   eva lua t ion .  The r e s u l t s   o f   t h e  

comparison w i l l  enab le   ce r t a in   conc lus ions   t o   be   r eached   con-  

c e r n i n g   t h e   r e l a t i v e   m e r i t s  of t h e  two  dampers f o r   u s e  on GEOS 

s a t e l l i t e s .  

5 .1  OPERATING PRINCIPLE 

The same b a s i c   o p e r a t i n g   p r i n c i p l e   a p p l i e s   t o   e a c h  damper: 

s a t e l l i t e   a t t i t u d e   m o t i o n s   v a r y   t h e   m a g n e t i c   f l u x   l i n k i n g  a con- 

duct ing  e lement ,   and  the  induced eddy c u r r e n t s   d i s s i p a t e   r o t a -  

t i o n a l   k i n e t i c   e n e r g y   i n   t h e   f o r m  of h e a t .  The implementation 

of the   bas ic   concept  i s  q u i t e   d i f f e r e n t   f o r   t h e  two dampers,  and 

this  f a c t   l e a d s   t o   s i g n i f i c a n t   d i f f e r e n c e s   i n   o p e r a t i o n  and  per- 

f ormanc e .  

With the  magnet ical ly   anchored  damper ,   damping  resul ts   f rom 

re la t ive   mot ion   be tween a strong  permanent  magnet,  which i s  

o r i e n t e d  by t h e   e a r t h ' s   m a g n e t i c   f i e l d ,   a n d  a c o n d u c t i n g   s h e l l  

a t t a c h e d   t o   t h e   s a t e l l i t e .   S i n c e   t h e  magnet i s  f r e e   t o   s w i v e l  

about i t s  d i p o l e   a x i s ,   o n l y   t h e  component of  t h e   s a t e l l i t e   r o t a -  

t i o n  that  i s  normal t o   t h e   d i p o l e   a x i s   a c t u a l l y   p r o d u c e s  a torque .  

Fu r the rmore ,   s ince   t he   t o rque  i s  g e n e r a t e d   a l o n g   t h e   a x i s  of r e l a -  

t i v e  motion,   only  the component  of t o r q u e   a l o n g   t h e   s a t e l l i t e  

r o t a t i o n   a x i s  i s  e f fec t ive   for   mot ion   damping .  The e f f e c t  of 

t h e  component  normal t o   t h e   s a t e l l i t e   r o t a t i o n   a x i s  has not  been 

e x p l a i n e d   f o r   l a c k   o f   s u f f i c i e n t   t i m e   t o   p u r s u e   t h e   i n v e s t i g a t i o n ;  
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however, i t  would be i n t e r e s t i n g   t o  examine this  p o i n t  a t  a l a t e r  

time. 

Although  the  eddy  current   rod damper has no  moving p a r t s ,  

s a t e l l i t e   a t t i t u d e   m o t i o n s  wi th  r e s p e c t   t o   t h e   e a r t h ' s   m a g n e t i c  

f i e l d   c a u s e  f l u x  v a r i a t i o n s   i n   h i g h   p e r m e a b i l i t y   m a g n e t i c   r o d s  

mounted a l o n g   e a c h   p r i n c i p a l   a x i s   o f  the s a t e l l i t e .  For simple 

yaw, p i t c h  o r  r o l l  mot ion ,   the   to rque  i s  d i r e c t e d   a l o n g   t h e   a x i s  

of  motion;  however,  the  degree of e f f e c t i v e n e s s  w i th  which a par -  

t i c u l a r   m o t i o n  i s  damped depends  on the d i r e c t i o n  of t h e   e a r t h ' s  

m a g n e t i c   f i e l d  wi th  r e s p e c t  to t h e   a x i s  of  t h e   s a t e l l i t e .  The 

l e v e l  of f l u . <  which i s  produced in   the   rods   depends   no t   on ly   on  

t h e   i n t e n s i t y  of  t h e   a p p l i e d   f i e l d  and t h e   t r u e   p e r m e a b i l i t y  of 

t h e   r o d   m a t e r i a l  b u t  a l s o  on the   shape  of the  rods,   which  governs 

t h e   a p p a r e n t   p e r m e a b i l i t y .  

5.2 TORQUE COEFFICIENT 

Because  the same b a s i c   o p e r a t i n g   p r i n c i p l e  i s  u s e d ,   e i t h e r  

damper g e n e r a t e s  a to rque  that, to a good approximation i s  pro-  

p o r t i o n a l  to t h e   r a t e  o f  r o t a t i o n   a b o u t   t h e   a x i s  o f  s e n s i t i v i t y .  

It i s  i n t e r e s t i n g  to compare t h e   r e s p e c t i v e   f o r m u l a s  for t h e  

b a s i c   t o r q u e   c o e f f i c i e n t s ,   s i n c e   t h e y   a r e   a n a l o g o u s :  

Magnetically  anchored  damper: 

Eddy cu r ren t   rod  damper: 

"Ro ta t ion   o f   she l l   abou t  axis normal to magnet   dipole  ax is .  

**Rotation  of n paral le l  rods   abou t   t r ansve r se  axis normal to 
magnetic f i e l d  H .  
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I n   e a c h   c a s e  the  t . o r q u e   c o e f f i c i e n t  i s  p r o p o r t i o n a l  t o  t h e  

square  of  a m a g n e t i c   f l u x   d e n s i t y  ( p ' H  or p,M) and i s  Lnverse ly  

p r o p o r t i o n a l  to t h e   e l e c t r i c a l   r e s i s t i v i t y  p of  a conduct ing 

element .  Also, both f o r m u l a s   c o n t a i n   l e n g t h   r a i s e d   t o   t h e   f i f t h  

power (r2 or 1 5 ) and a d imens ion le s s   shape   f ac to r  (S  o r  S ' ) .  

The t o r q u e   c o e f f i c i e n t  for the   magnet ica l ly   anchored  damper 

i s  a f u n c t i o n  of i n t r i n s i c   p a r a m e t e r s   o n l y ,   s i n c e   t h e   i n d u c i n g  

m a g n e t i c   f i e l d  i s  obtained  f rom a strong  permanent  magnet.  On 

t h e   o t h e r   h a n d ,   t h e   t o r q u e   c o e f f i c i e n t   f o r   t h e   e d d y   c u r r e n t   r o d  

damper i s  dependent   upon  an   ex t r ins ic   quant i ty ,  the  i n t e n s i t y  H 

of  the e a r t h ' s   m a g n e t i c   f i e l d .  

5.3 EFFECT OF ORBITAL  ALTITUDE 

Because   t he   i n t ens i ty   o f  the e a r t h ' s   m a g n e t i c   f i e l d   v a r i e s  

i n v e r s e l y   a s  the cube   of   d i s tance   f rom the geocen te r ,  the damp- 

i n g   c o e f f i c i e n t  of t h e  eddy c u r r e n t   r o d  damper v a r i e s   i n v e r s e l y  

as t h e   s i x t h  power of t h e   d i s t a n c e .   F i g u r e  4.3-2 shows t h e   s e n -  

s i t i v i t y  of t h e  damping c o e f f i c i e n t   t o   o r b i t a l   a l t i t u d e .   F o r  a 

change i n   a l t i t u d e   f r o m  600 t o  1200 n .  m i .  t h e  damping c o e f f i c i e n t  

i s  reduced  by 56.5%. 

4 - l t h o u g h   t h e   t o r q u e   c o e f f i c i e n t   f o r   t h e   m a g n e t i c a l l y   a n c h o r e d  

damper i s  n o t   a f f e c t e d  by o r b i t a l   a l t i t u d e ,   t h e   e f f e c t i v e  damping 

to rque  i s  cons t an t   on ly  so long as t h e  magnet d i p o l e   a x i s  i s  

a l i g n e d  with the magnetic f i e l d  of the  e a r t h .  A t  h i g h   a l t i t u d e s  

a problem  deve lops ,   because   the   magnet ic   f ie ld  i s  no t   s t rong  

enough t o   m a i n t a i n   t h e   d i p o l e   a x i s   i n   p r o p e r   a l i g n m e n t .  When t h e  

d i p o l e   a x i s   d e f l e c t i o n   a n g l e  becomes t o o   l a r g e ,  two e f f e c t s   t a k e  
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p l a c e .   F i r s t ,   t h e   e f f e c t i v e  damping  torque  becomes  smaller,  and 

second, the  re la t ionship   be tween  to rque   and  s a t e l l i t e  r o t a t i o n  

ra te  becDmes i n c r e a s i n g l y   n o n - l i n e a r .   U l t i m a t e l y ,   t h e  damper 

becomes i n e f f e c t i v e  as shown in  Figures   3 .18-2  and 3.18-3. 

These  problems are e a s i l y   e l i m i n a t e d  by us ing  a s t ronger   magnet .  

The r e su l t i ng   we igh t   i nc rease   u sua l ly   does   no t   coun t  as a 

p e n a l t y ,   b e c a u s e   t h e  damper i s  used as a t i p   w e i g h t  a t  t h e  end 

of a g r a v i t y - g r a d i e n t   s t a b i l i z a t i o n  boom. C a l c u l a t i o n s  show 

t h a t  t h e  GEOS-A damper f u n c t i o n s   p r o p e r l y   f o r   a l t i t u d e s  up t o  

severa l   thousand miles. 

5.4 EFFECT OF ORBITAL I N C L I N A T I O N  

With bo th   dampers ,   t he   e f f ec t ive  damping of p i t c h   l i b r a t i o n s  

v a r i e s  w i th  t h e   l a t i t u d e  of t h e   s a t e l l i t e ,   b e c a u s e   t h e   d i r e c t i o n  

of t he   magne t i c   f i e ld   changes  with r e s p e c t  t o  t h e   p i t c h   a x i s .  

The average  damping  over a comple t e   o rb i t  was computed f o r   b o t h  

dampers. In   each   ca se ,   t he   ave rage  damping i s  maximum f o r  

m a g n e t i c   p o l a r   o r b i t s  and i s  z e r o   f o r  a m a g n e t i c   e q u a t o r i a l   o r b i t .  

A t  i n t e r m e d i a t e   o r b i t a l   i n c l i n a t i o n s ,   c o m p a r i s o n  of  F igu res  3.18-1 

and 4.3-1 shows t h a t  a l a r g e r   f r a c t i o n   o f   t h e  maximum average 

torque  i s  ob ta ined  w i t h  the  magnetically  anchored  damper. 

5.5 SIZE AND WEIGHT 

The s i z e  and  weight of both  dampers   for  a s p e c i f i e d  damping 

c o e f f i c i e n t  has b e e n   i n v e s t i g a t e d .   S i n c e   t h e  damping c o e f f i c i e n t  

f o r  each damper i s  a f u n c t i o n   o f   c e r t a i n   i n t r i n s i c  parameters, 

which  determine  size  and  weight,  it was f irst  n e c e s s a r y   t o   p r o -  

v ide  a r a t i o n a l e   f o r   s p e c i f y i n g  the  pa.rameters. 
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Since   t he   magne t i ca l ly   anchored  damper i s  used as a boom t i p  

weight ,  a small damper i s  d e s i r a b l e   t o   k e e p   t h e   t o r q u e   c a u s e d  by 

s o l a r   p r e s s u r e  small. The a n a l y s i s  of S e c t i o n  3.20 shows that  

t h e r e  i s  an  optimum r a t i o  of s h e l l   t h i c k n e s s   t o   o u t s i d e  r a d i u s ,  

which f o r  a s p e c i f i e d   t o r q u e   c o e f f i c i e n t ,   y i e l d s  a minimum volume 

damper, The GEOS-A damper des ign  i s  o n l y   s l i g h t l y   l a r g e r   t h a n  

t h e  minimum volume des ign .  It t u r n s   o u t  that  wide  range  of  torque 

c o e f f i c i e n t s   c a n  be  obtained with minor  changes i n  damper s i z e .  

This  i s  shown i n   F i g u r e  3.20-2, 

If a l l  d imens iona l   r a t io s   a r e   f i xed ,   t he   magne t i ca l ly   anchored  

damper weight i s  p r o p o r t i o n a l   t o   t h e   t h r e e - h a l v e s  power  of t h e  

t o r q u e   c o e f f i c i e n t .   U s i n g  GEOS-A damper  dimensions  and  weight as 

a guide ,  a g raph   o f   we igh t   ve r sus   t o rque   coe f f i c i en t  was p l o t t e d  

i n   F i g u r e  3.20-4. 

Analys is   o f   the   eddy  cur ren t   rod  damper r o d s   i n   S e c t i o n  4.4 

shows t h a t  the r a t i o   o f  damping c o e f f i c i e n t   t o  volume pe r   rod  i s  

maximized by making t h e   r o d  as long as p o s s i b l e ,  The l i m i t i n g  

d imens ion   fo r   t he  GEOS s a t e l l i t e  i s  about  30" a l o n g   t h e   v e r t i c a l  

a x i s .  There i s  a l s o   a n  optimum r a t i o   o f  sheath d i a m e t e r   t o   c o r e  

d i a m e t e r   f o r   t h e   r o d .  The t h e o r e t i c a l  optimum r a t i o  of s h e a t h  

d i a m e t e r   t o   c o r e   d i a m e t e r  i s  s m a l l e r   t h a n   t h e   d e s i g n   f i g u r e   p r o -  

posed by t h e   s a t e l l i t e   m a n u f a c t u r e r  by a f a c t o r   o f  1 .8 .  A pos- 

s i b l e   r e a s o n   f o r  t h i s  i s  t ha t  t h e   p r o x i m i t y   e f f e c t   c a u s e d  by 

s p a c i n g   p a r a l l e l   r o d s   c l o s e l y   t o g e t h e r  was n e g l e c t e d   i n   t h e   a n a l -  

y s i s  for l a c k  of spec i f i c   i n fo rma t ion .   Ana lys i s   based  on a v a i l a b l e  

data f o r  4-79 Malybdenum Permalloy a n d  exper imenta l   curves  on t h e  

demagne t i z ing   e f f ec t  of induced   po les  i n  magne t i c   rods   i nd ica t e s  
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- 

that  a l a r g e   r a t i o  of  l e n g t h   t o   d i a m e t e r  ( ~ 2 5 0 )  should  be used  

f o r   t h e   f e r r o m a g n e t i c   c o r e s .  

The weight   o f   the   p roposed   rod   conf igura t ion  i s  abogt 18 l b .  

which  exceeds  the  magnet ical ly   anchored damper  weight by 11 l b .  

The  damping c o e f f i c i e n t   f o r  a 600 n. m i .  p o l a r   o r b i t  i s  only  1980 

dyne-cm-sec,  compared wi th  70,000 dyne-cm-sec f o r   t h e   m a g n e t i c a l l y  

anchored  damper. It i s  c l e a r l y   i m p r a c t i c a l   t o   a c h i e v e  a damping 

l e v e l   o f   t h e  same o r d e r  as that  e a s i l y   o b t a i n e d  with the   magnet ic -  

a l ly   anchored   damper ,   s ince   over  600 l b .  Of r ods  would  be  needed. 

It should  be  mentioned tha t  the   magnet ica l ly   anchored  damper 

weight i s  usefu l ,   because  i t  a l s o   s e r v e s  as a necessary  boom t i p  

we igh t ,   wh i l e   t he   eddy   cu r ren t   rods   a r e   e s sen t i a l ly   dead   we igh t .  

5.6 DAMPING -" O F  INITIAL LIBRATIONS 

Because  the  equat ions of motion for l a r g e   a g g l e   m o t i o n   a r e  

non- l inear ,   and   because   o f   cer ta in   complexi t ies   in   the  way e i t h e r  

damper  iPunctions t ha t  a r e   d i f f i c u l t  to t ake  i n t o  accoun t ,   an  

a c c u r a t e   p r e d i c t i o n  of t r a n s i e n t  damping  time i s  n o t   p o s s i b l e  

wi thout   conputer   s imula t ion .  

The a n a l y s i s  does show,  however, t h a t  e i t h e r  damper may 

b e   c h a r a c t e r i z e d   i n   t e r m s  of a c e r t a i n  damping c o e f f i c i e n t .  It 

was found that  t h e  eddy cu r ren t   rod  damper c o e f f i c i e n t  i s  more 

than an  order   of   magni tude smaller than  that o f   t he   magne t i ca l ly  

anchored  damper. Cornpllter s imQlat ions  performed  by GE i n d i c a t e  

a damping  time of abou t   s ix   days  f o r  t h e  GEOS-A s a t e l l i t e  a t  600 

n a u t i c a l  m i l e   a l t i t u d e .   C o n s e q u e n t l y ,  a damping  time on t h e  

o r d e r  of 100 d a y s  would be expected w i t h  t he   eddy   cu r ren t   rod .  



It does not appea r  to be f e a s i b l e  to improve  upon t h e  eddy 

cu r ren t   rod   des ign ,   and  a s i g n i f i c a n t l y   h i g h e r  damping l e v e l  

could be obta ined   on ly  w i t h  an   unaccep tab le   we igh t   pena l ty .  
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APPENDIX A 

THE  VECTOR  POTENTIAL OF A CYLINDRICAL  BAR  MAGNET 

Cons ider  a c y l i n d r i c a l  bar magnet,   of  radius a and   l eng th  

2c,  which i s  uni formly   magnet ized   in  t h e  l o n g i t u d i n a l   d i r e c t i o n .  

If R i s  t h e   c o n s t a n t   m a g n e t i c  moment p e r   u n i t  volume (amp/m) t h e  

m a g n e t i c   v e c t o r   p o t e n t i a l  i s  g i v e n  by the  formula  

I- 

T/ = $$ I,- d s  ( w b / m )  

where po i s  t h e  p e r m e a b i l i t y   o f   f r e e   s p a c e ,  R i s  t h e   d i s t a n c e   f r o m  

an   e l emen ta l   su r f ace   a r ea  d s  at p o i n t  P ’  on t h e  c y l i n d e r  to t h e  

f i e l d   p o i n t  P’and i’i i s  t h e  uni t   outward  normal   vector  a t  d s .  

Obv ious ly   no   con t r ibu t ion  to t h e   i n t e g r a l  i s  obta ined  from t h e  

end su r faces ,   because  R and < a re  t h e r e   c o l l i n e a r ,  a n d ,  hence, 

Fixn = 9. 

I n   t e r m s   o f   u n i t   v e c t o r s ,  e ‘  e ’  k’, i n   t h e   d i r e c t i o n s  of  
- 

P ’  Cp’ 
i n c r e a s i n g  Q, CD, and z a t  t h e   p o i n t  P ’  

where M = I m I .  I n   r e c t a n g u l a r   c o o r d i n a t e s  

- 
e ’  = -isincp’ + jcoscp‘ 

- 
Cp 

where I and 3 a r e  u n i t   v e c t o r s   a l o n g   t h e  x and y a x e s ,   r e s p e c t i v e l y .  

S ince  d s  = adcp dz 
I /  

(4) 
R 



Deno te   t he   sphe r i ca l   po la r   coo rd ina te so f  P by r, 8, cp and those  

of P‘  by r‘, Q‘, PO‘. Then 
1 

R = [ r ~  + r’2 - 2rr’ [ c o s ~ c o s e ’  + s i n ~ s i n 9 ’ c o s ( m - ~ ’ ) I S Z  ( 5 )  
1 

or R = (J? + P‘“ - ~ P P ’ C O S U ) ~  ( 6 )  

where a i s  the   angle   be tween r and r’. By a x i a l  symmetry, 1 x 1  = 

A i s  independent  of cp, s o  fo r   conven ience ,   s e t  rp = 9. Now t h e  

i component  of t h e   i n t e g r a n d   i n  ( 4 )  i s  an odd func t ion   of  cp’, 
w h i l e   t h e  j component i s  an  even  function  of cp’. The I component 

of ii i s ,  t h e r e f o r e ,   z e r o ,  and 

cp - 

The inverse   d i s tance   can   be   expanded   in  a s e r i e s  of  Legendre 

polynomia ls   (zonal   harmonics) ,   P , (cosa) .  

According to t he   b i ax ia l   t heo rem  fo r   zona l   ha rmon ics ,  

Thus ,  

x cosmcp’ 



After  substituting  this  expression f o r  R-1 in ( 7 ) ,  interchanging 

the  order  of  summation  and  integration,  and  integrating over m’, 

only the  m=l  term  remains. 

x l c  f,(r,r’)P;  (cos0’)dz‘ 

To evaluate  the  integral,  substitute r’ = (a2 + 2’” ) 5 ,  case' = 
1 

z’(a2+z‘2 )-’. Since  the  expansion  will  actually be  needed only 

in  the  region, r>r’, the  integral  will  be  evaluated f o r  that  case 

only.  Thus,  fn(r,r’) = r’n/rn+l and 

:. [ f,(r,r‘)P;(cosQ’)dz’ 
1 ( a2 + z ‘2 )% P(,&,) dz ‘ (13 1 

a +z’ 

By definition, 

P’ , (u )  = (142) du & dl?, (u) 

where [n/23 denotes  the  integer  part  of n/2. Thus, 

Substitution o f  (14) and (16) into (13) with u = z ’ ( a a + z t 2 ) - * ,  

and interchanging  the  order o f  summation and integration  gives 

108 



J- C C (n- 11/23 

For  n an   even   in teger ,   the   in tegrand  i s  an odd func t ion  of z ‘ ,  and 

t h e   v a l u e  of t h e   i n t e g r a l  i s  ze ro .  Fo r  n an odd i n t e g e r :  

The binomial   theorem  gives  
S 

S 
a2 ( S-k) c U - 2  s+2 k 

= x(:) (n-2s+2k) k=C) 

:. [ f n ( r , r ‘ )  Pi(cosf3‘)dz: 

a ( -1)S(2n-2s) !  2 (g) a 2 ( S ” k )  C n  - 2 6  +2k 
2”- l s ! (n - s ) ! (n -2~-1 ) !   (n -2s+2k)  

s=o k=O 



Finally, 

where, for n even, a, (r) = 9, and for n odd, 

(24) 
The expansion of  A i n  a se r i e s   o f   a s soc ia t ed   Legendre   func -  

Cp 

t i o n s  P,' ( c o s e )  has now been   accompl ished   in  a manner tha t  does 

n o t   r e q u i r e   t h e   u s e  of formula c3.9-5) f o r  t h e  c o e f f i c i e n t s  of 

the   expans ion .  
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APPENDIX B 

EVALUATION OF a",, + Tz, 

I n t u i t i v e l y ,  i t  may be  expected t ha t  the   magni tude   o f   the  

p o t e n t i a l ,  W ' ,  and   o f   t he   ne t   t o rque ,  N , ,  i s  independent   of   the  

azimuth  angles ,  i x ,  i , ,  i ,  , s i n c e  t h e  choice  of   the   azimuth 

r e f e r e n c e  axis ( 5 )  i s  a r b i t r a r y .   I n   f a c t   a n   e x p r e s s i o n   f o r  the  

q u a n t i t y ,  0:. + T:,, can  be  derived  which  depends  only on t h e  

p o l a r   a n g l e s ,  O x ,  $,, O,, of t h e   r o t a t i o n  axis, 5 ,  r e l a t i v e  t o  

t h e   p o s i t i v e  magGet axes ,   x ' ,   y ' ,  z ' ,  r e s p e c t i v e l y .  From (3.10-5): 

oz, = a;,cos2rni, + R2,mcos"mi, + yZ,.cos2rni, 

+ 2B,, y n m  cosmi,  cosmi, 

72,. = siri2mix + ~ t , s i n 2 m ~ ,  + y?, sin2mi,  

+ 2a,, B,, sinmi,  sinmi, + 2a,, y n m  sinmi,  sinmi, 

+ 2R,, y n m  sinmm, sinmi, ( 2 )  

.. o;, + 79, = a:, + R:, + y z ,  + 2 a n , ~ , , c o s r n ( i Y -  i , )  

+ 2anm y,,cosm( i z -  ix )+ 2 ~ , ~ y ~ . c o s m ( ~ ,  - i y  ) ( 3 )  

The ang le s ,  i ,  - i , ,  i ,  - Px , and i ,  - i ,  can  be  expressed 

i n   t e r m s  of 0,  , 0, , 8, w i t h  t h e  a id  of sphe r i ca l   t r i gonomet ry .  

With r e f e r e n c e   t o   F i g u r e  1, c o n s i d e r   t h e   r i g h t   s p h e r i c a l  tri- 

a n g l e s  AE3C and ADE f o r m e d   b y   g r e a t   c i r c l e s   i n   t h e  x / ,  y' and 

5,q p lanes  and t h e   m e r i d i a n   l i n e s   t h r o u g h   t h e  x '  and y '  axes  from 

t h e  5 ax is .   Note  tha t  t h e  5 a x i s  has b e e n   p l a c e d   a r b i t r a r i l y  
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a l o n g   t h e   l i n e  of  i n t e r s e c t i o n  of t h e  5 ,q  and t h e   x ' , y '   p l a n e s ,  

s o  t h a t  0, >O, C)<@,<TT/~ and 0<Oy<n/2 =>Pz =-n/2 r a d i a n s .  From 

sphe r i ca l   t r i gonomet ry ,  

s i n  P, = co toxco t@,  (4) 

s i n  P, = coto,cot@, (5) 

.. cos !4, = ( l -cot2@,  cot"@, )" 

- 1 - 
sin0,   s in@, [ l - C O S 2 @ ,  )(L"os"o,  )-cos"@,  cos"@, I L  

- co soy - 
sin@,  s in@, ( O<P,<TT/2) ( 6 )  

s ince   cos20 ,  + cos2 0, + cos20, = 1. Likewise,  

1 
cos P y  = - (1-cot"Oycot"O2 )' = -coso, 

s in@ , s in@ ( R / 2 < Q  Y <IT) (7 ) 

Hence, 

c o s (  I,-@, ) = c o s ~ , c o s ~ ,  + s i n @ ,   s i n @ ,  

- 
" + coto,  Cot@, cot202 

s in2  Q, 

= -cotO,  cot@, ( 8  1 

- - co so, 
s in0,   s in0,  

:. t a n (  P ~ - Q ,  ) = 
+c os02 

-cos0, cosoy 

o r  = tan-' ( +c0s92 ), pi$. - i $ x c r r  
"COSO, cos8y ) 
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Next, 

C O S (  + , - i ,  ) = cos+z   cos+,  + s i n % ,   s i n + ,  = - s i n + ,  (12  1 

s i n c e  + z  = -7T/2. 

s in($ ,  -+, ) = s in+ ,   cos+ ,  - s i n @ ,  c o s % ,  = - cos+ ,  (13) 

.'. t a n ( + , - $ , )  = c o t + ,  = 
-cosoy 

-COSO, COSO, (14) 

o r  @,-+, = t a n  -cosOy 
-cosO, COSO,  

F i n a l l y ,  

Formulas (11) , (15), and (17) g i v e  @,-@z , 2 ,  -@, , and i Z  - % Y  

i n   t e r m s  of t h e   p o l a r   a n g l e s  O x  , O y  , and OZ . The q u a n t i t y ,  o n m  + 
1-,2,~ can  then  be  computed from ( 3 ) .  The t h r e e   d i r e c t i o n   c o s i n e s  

a p p e a r i n g   i n  (lo), (15), and (17) a r e ,  of course ,   no t   independent  

b u t  m u s t  sa t i s fy  t h e   r e l a t i o n ,  cos20x + c o s 2 0 y  + cos"Oz = 1. 

2 

The r e s u l t s  of t h i s  a p p e n d i x   a p p l y   w i t h o u t   r e s t r i c t i o n  on 

the ang le s ,  O x ,  Oy , OZ , p r o v i d e d   t h a t   i n   f o r m u l a s  (ll), (l5), and 

t h e   q u a d r a n t  i s  def ined  by t h e   s i g n s  of the  numerator  and  denomi- 

n a t o r   i n   e a c h   f r a c t i o n .  



APPENDIX C 

EVALUATION OF A CERTAIN INTEGRAL 

Deno te   t he   mod i f i ed   sphe r i ca l   Besse l   func t ions  o f  t h e  f i r s t  

and  second  kinds  by 5 ,  (Xr) and q n  (Xr), r e spec t ive ly ,   where   a rg  X = 

n/4, and l e t  

where a*(A) = a ( h * ) ,  @ * ( A )  = @ ( A * ) ,  y*(A) = y(X*), and 6 * ( X )  = ' 

6 ( X * ) .  It i s  r e q u i r e d  to e v a l u a t e   t h e   i n t e g r a l  

Jc r ? -u , (Xr ,A)v~(Ar ,A)dr ;  O < r ,  <r2 (3) 

By d e f i n i t i o n ,  5 ,  ( h r )  and qn ( X r )  a r e   s o l u t i o n s  of the   modi f ied  

sphe r i ca l   Besse l   equa t ion  

I n   t e r m s   o f   t h e   m o d i f i e d   ( c y l i n d r i c a l )   B e s s e l   f u n c t i o n   I v ( z ) ,  

and 

S ince  I;(z) = I (z*), c t ( z )  = <,(z*)   and  q;(z) = q , ( z * ) .  Conse- 

quen t ly ,  vF(Xr,X) = v,(A*r,A*), and u, and v; s a t i s f y ,   r e s p e c t i v e l y ,  

t he   fo l lowing  two equat ions :  

V 

( r u n )  
1 d" 1 2  + n(nt-1) u, = 0 

r" 1 



1 d2 ( rvz )  - b*2 + n(n+l) vz = o J 
since X2* = X*2.  Now multiply (7) by I"vF and (8) by fl 

subtract  to  get 

( 8  

, and 

( 9  1 

since.the terms in n(n+l) cancel.  Integrate ( 9 )  once  with  respect 

to r, using  integration by parts  on the left-hand-side. 

d 
(10) 

.. (12) 

Let z = Xr and  denote  differentiation  with  respect to z by a  prime. 

%I" du, (Xr, X )  - - XU,'(Z,X) = xun' (13) 

dvtf - dvtt(XrA = h v g ' ( Z , h )  = (14) 

dr - dr 

dr - dr 

Thus (12) becomes 

[.(vzzui - (15) 

Both un(z) and  vn(z)  satisfy  the  elementary  recursion  formula, 

z = z fn-l(z) - (n+l>r,(zI d z  (16 1 

or 

.. 



Using (16)  and (19)  i n  (15) g i v e s  
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Figure 3.17-1. Diagram  Showing  Vector  Relationships  for 
Magnetically Anchored Damper  Kinematics 
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Figure B-1 .  Geometry f o r  Coordinate  Transformations 
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